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Abstract—In this article, our primary objective is to
construct a noetherian theory for a singular linear
integro-differential operator. This operator is defined by
an integral equation of the third kind, the principal part
of which is expressed as a higher-order differential
operator. The choice of a methodology requiring specific
approaches proved justified, as it stems from solving the
linear differential equation under study—featuring a
specific, well-known non-homogeneous term—thereby
allowing for the systematic identification of solvability
conditions. In this research, we employ integration
techniques to establish the noetherian property of the
operator, while highlighting the solvability conditions for
the integral equation of the third kind that defines this
noetherian integro-differential operator. Ultimately, we
establish the noetherian properties for both the principal
part operator and its associated, subsequently developing
the noetherian theory for the operator under study in
parallel with that of its associated. A concrete illustrative
example of the noetherian theory, applied to an integro-
differential operator A, is presented at the conclusion of
the work.
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I. INTRODUCTION

Scientific research in mathematics carried out by several
mathematicians in the field of the theory of integro-
differential operators, defined by integral equations of the
third kind in certain well-chosen distributional functional
spaces, is the subject of the content of various scientific
publications which have been mentioned both in scientific
works and monographic works as well as in several
bibliographic references. For example and for full details see
[11, [2], [3], [4]. [5], [6]. [7] and [8].

And for this reason, as is well known, the noetherization of
integro-differential operators defined analytically by certain
types of linear integral equations of the third kind is widely
illustrated in the investigations conducted, the results of
which are the subject scientific articles also published in
certain international mathematical journals and reviews. [9],
[10] and [11]. In particular, the construction of the noetherian
theory of integro-differential operators defined by integral
equations in general occupies an important place not only to
establish the said theory but also to establish the conditions of
solvability of the said integral equations defining these
operators.

However, it should be noted that the main obstacle
encountered when investigating the solvability of integral
equations of the third kind during the noetherization process
for integro-differential operators expressed analytically by
these equations actually stems from the difficulty in choosing
the approaches and methods necessary to achieve the desired
objective. Among others, let us mention a remarkable fact that
during the process of noetherization of integro-differential
operators the effective use of different methods namely: that
of normalization, that of hypersingular integrals as well as
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that of approximate inverse operators allowing to approach
the research on the integral equations of the third kind in the
specific functional spaces of distributions and continuous
functions. See [12], [13], [14] and [15]. In a specific case, it
is worth noting that the various ideas related to the
aforementioned  various  approaches and  methods
systematically allow to clearly define and pose the problem
during the investigation process, relative to the integral
equations of the first kind, or non-Fredholmian equations of
the second kind, thus defining the previously considered
operators.

We will also rightly mention that, among others, eminent
researchers on their side have investigated the inverse
problem of the spectral analysis of the theory of linear
multigroup neutron transport in plane geometry in their
scientific works.

All this being said, then specifically in this work to be
carried out, we consider the following integro-differential
operator defined by a singular linear integral equation of the
third kind of the form:

(Ap)(x) = xP o™ (x) + [1 klx, ) @()dt =

f(x},x = [_111]1
1)

wherem =1, @(x) € C"P[-1,1], F(x) € CP[-1,1]
and k(x,8) € CP[-1,11XC[-1,1].

The establishment of the noetherian property of the integro-
differential operator A defined by (1) will be formalized
systematically through the investigation of the questions of
the solvability of the mm higher order linear differential
equation (Le)(x) = x?@™)(x) = f(x), which will lead
to the determination of the noetherity of the initial operator L
and by ricochet that of the initial operator A.

Rigorous proofs are to be provided regarding the
compactness of the integral operators, as well as the concept
and principle of associated operators within the article while
taking into consideration that when a certain noetherian
operator is perturbed by a completely continuous operator,
the noetherian property of the operator and the index of the
operator are preserved.

The content of this work of investigation of the
construction of the noetherian theory of the considered
operator 4 is as follows: first, we make a detailed
presentation in section Il of the preliminaries related to the
different concepts and notions of the famous noetherian
theory, necessary for the execution of the related research.
The main important results of the work carried out are stated
and formulated through different lemmas and theorems
contained in section I1l. And to complete this work, we draw
up a summary of synthesis, descriptive of all the
investigations carried out located in section IV, entitled
Conclusion then, followed by some orientations and
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recommendations for the continuation and realization of
future scientific work.

Il. PRELIMINARIES

We use the different concepts and notions related to the
noetherian theory of integro-differential operators, some of
the results of which have been presented in our previous
published works and which we present here once again, to
allow a good understanding of the work carried out.

We also recall the notions of Taylor's sense derivatives
including that of the third kind of linear Fredholm integral
equation, which have been widely studied and used by many
researchers in their work related to the noetherian theory.

First of all let us move to the following concept.

A) Noetherian operator.

Definition 1. Let X, Y be Banach spaces, 4 € I{X,¥) a
linear operator. The quotient space coker A =Y /im4 is
called the cokernel of the operator A. The dimensions
alA) = dim kerA,f(A) = dimcokerA are called the
nullity and the deficiency of the operator A4, respectively. If at
least one of the numbers a(4) or B(A) is finite, then the
difference Ind A = a(A) — F(A) is called the index of the
operator A.

Definition 2. Let X, ¥ be Banach spaces, 4 € I{X,Y] is
said to be normally solvable if it possesses the following
property: the equation Ax = v (v € ¥)(v € ¥) has at least
one solution x € D{A) (D{A) is the domain of 4) if and
onlyif<y,f ==0W% f € (im A)~ holds.

We recall that by the definition of the adjunct operator
(imA)-=ker A* and that the operator A is normally
solvable if and only if its image space im.4 is closed.
Definition 3. A closed normally solvable operator 4 is called
a noetherian operator if its index is finite.

By the way, we briefly review this important notions of
Taylor derivatives which is widely used when constructing
noetherian theory of the considered operator A.

Definition 4, A Continuous function
@(x) e C[—1,1] admits at the point x =0 Taylor
derivatives up to the order

p € W if there exists recurrently for k = 1,2, ...,p,
the following limits :

Ly
&) = ! Lmy—* _ yr-1e (o) J‘]
@ (0) = k! limx™* |o(x) —Fjmg——+7 |
2

The class of such functions ¢@{x) is denoted CE;?’} [—1,1].

Next let us move to the following part.

Let €™[-1,1],m € Z,,noted the Banach space of
continuous  functions on [—1,1], having continuous
derivatives up to order 1, for which the norm is defined as
following:

()l em—11) = ERgmax_yzreq|@® ()]
3
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So, that we can consider fp;k}(ﬂ} are defined for all
E=12,..,p.

We define Céﬂ}[—iji] as a subspace of continuous
functions, having finite Taylor derivatives up to order
pE Ly, ) and ) when
p =0, weput (CP[-1,1] = ¢P[-1,1] = c[-1,1]).
Let us also define a linear operator N¥ on the space
€I [—1,1] by the formula:

- [J-||:|"| .
plx) -2
(Ne@)(x) = i —k=12,..p.
(4)
One can easily verify the property

N¥ = NeNk~R2 0 = ky = k, k, ky € T4, where we put
NO=1].

Definition 5. The operator ¥ is called characteristical
operator of the space € t?’}[ 1,1].

Remark: The sense of the previous definition can be seen
from the verification of the following lemma.
Lemma 1. A function ¢(x) belongs to the space

C ép} [—1,1] if and only if, the following representation
o(x) = xPp(x) + TP2Y

o x ¥

(®)

holds with the function ¢{x) € C[—1,1], and &, being
constants.

To prove Lemma 1 it is enough to observe that (5) implies
that the Taylor derivatives of @{x) up to the order p exists,

and more
PN 0) = klay,k =012, ...p—1, @@ (0) =

p! p(0)

vv’ithf}f*(x]' = (N%@)(x). Conversely, if ¢@(x) belongs to
CP-11], and we define  $(x) = (N*9)(x) with
try = m[::j}; k=012, .., p—1, then the representation

(5) holds. From Lemma 1, it follows that for p(x) €
C Ef’} [—1,1] the equality
["' D:' k

o(x) = x? (N*@)(x) + 5, F—=x*,
is valid. ;

(6)

Consequently, the linear operator V¥ establishes a relation
between the spaces € i?"}[ 1,1] and C[—1,1]. The space

Cm}[ 1,1] with the norm
loll coy_y gy = IN?@l 1.0 + T l@ ™ 0)],
(7

becomes a Banach space one.
Let note also that we can define the previous norm by the
following way:
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it} = NP - + Jp__l =
loll ciry_y = I :pnc[ 1+ E e
||qb(x] ||c[—L1] + E::D|ﬂ'k|

Sometimes it is comfortable and suitable to consider as norm

in the space E‘Ef’} [—1,1] the equivalent norm defined as
follow:

loll oy = Vel @

We can also note a very useful and clearly helpful next

inequality:
lellci-111 = IN?@llcr-121 + 225 |0 (0)] =
”q}” CE,F;[_Ll]
)
Therefore, it is obvious to see that
lollct-1 = ll@ll oy 5y

Finally, note that from the Lemma 1 it follows the
following fact, if plx) € C[-1,1], then

xPolx) C[‘f’} [—1,1]. This assertion may be generalized
as follows. )

Lemma 2. Let pE M,s €T, If @lx) € Cf}[—i,i]
then, xPg(x) € C;ﬂﬂ} [—1,1], and the formula holds

- 0, i=01..p—1,
(+*0(9)(0) = { : T
(- ?ﬂ'

ol~ ?’}(G}J =p,....0 +5.

(10)

Proof. Note that a stronger assumption on the function ¢@{x),

such that ¢(x) € C‘?’”}[ 1,1] would allow us to easily
prove the lemma just by applying Leibniz formula.
For 5 = () the statement has already been proved above, so

xPo(x) € c“’}[ 1,1],and

{x?’qﬂ(x}} (ﬂ] =0j=0,..,p—-1
{x?’qﬂ(x}} (EI} p! :’,a([]} Now let us prove that
(7e(x)) " (0) = }@U #0),j=p+1,.

5
Since the derivatives are defined recurrently, and (10) is true
for j = p, then it is sufficient to verify the passage from

jtoj—+ 1. We have:
Li+1}

and

p

(xPe(x)) (0=

*Pl)-Ti i ol-F1(0)
U + 1}!111111_;[:. x:l+_ ~I

(11)

= ['vl 1]

plx)-Fi Fﬂm = s LT
) - — U+1—‘.ﬂ}
(} + 1} llmx—:I} x-'"'- P (j+1—p! ¢ (ﬂ}

: (12)
Lemmas 1 and 2 imply the next important lemma.
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LemmaS.Lpt

f(x) € CP[~1,1],p € Nand £(0) =.....
o =01=r=p

Then Z2 € €5~ [-1,11]

Definition 6. The linear Fredholm integral equation of the

third kind is an equation of the form A,¢@ = [ defined
analytically by the expression
B
An@ = gno(x) — [ k(x, Delt) di; (13)

where f is a given function of x € [a, b],e@(x) is the
unknown function of x € [a, b].

Here, g, (x) = [Ti=4(x —x) is a given function of the
variable x € [a, b] with x4 € la, B[, and the kernel k{x,t)
is a given function of two independent variables
(x,t) € [a, bl X[a, B].

Importantly, let us recall that also in transport theory, the
natural class of solutions of the integral equation (13) is a
class of distributional functions in the following form:

lx) = y(x) + Bio o P +Ek L@ 80— xy),

where y(x) € Cla, b], c-(x} is the zero-centered Dirac delta
function, and P indicates that Cauchy’s principal value is

. . 1
used for integration of ——.
S 4]

Since the first works of mathematicians Hilbert and Picard
dedicated to the integral equation of the third kind, it is worth
noting that several investigations whose scientific results are
published in various articles in internationally renowned
mathematical journals and newspapers have been devoted to
this vast field. In their related research, researchers Bart and
Warnock in turn studied the equation (13) in the
distributional space of distributions defined in the form:
@lx) = y(x) + Bioyw 8(x —x),  y(x) Cla, b],
and were able to demonstrate that under the fulfillment of the
condition det (k{xi- - xj}) ~ % 0 three of Fredholm's
1=ij=n

theorems hold and are valid. Following the work of Bart and
Warnock, the researcher Sukavanam studied the equation (13)
with some additional hypotheses on such kernels of the
integral operator.

B) Associated operators and associated spaces.

Definition 7. The Banach space E' = E* is called associated
space with the space E, if |(f, )| = cl||fllg |l@]lg for every
p €EE,fE E"

We note that the initial space E can be considered
associated with the space E". Moreover, the norm ||f]| g, is not
obliged to be equivalent to the norm || f|| g=.

Let be noted L{E;, E;) the Banach algebra of all linear
bounded operators from E; into E..

Definition 8. Let E;,j=1,2 two Banach spaces and
E'; their associated spaces. The operators A € L(E;,E,)

and A'"e L(E';,E'y) are called associated, if
(A'f,p) = (f, Ag)forall fEE', and ¢ EE;.
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It seems that, we can formalize the noetherity property in
terms of associated operator and associated space following
theoretical researches related to this field undertaken by the
Georgian mathematician Duduchava R.V.

Lemma 4 Let E;,j = 1,2 two Banach spaces and E“j their
associated spaces and more, let A€ L(E; E;) and
A" € £L(E',,E'y) be associated noetherian operators and
finally,

afA) = —a(A").

Then, for the solvability of the integral equation Agp = f it
is necessary and sufficient that (f,r) = 0 for all solutions of
the homogeneous associated equation A'jr = 0.

Next, let us move to the presentation of the general
important results of the work in the following section.

I11. MAIN RESULTS.
Main part of the operator A.

In this section, we first address the question of constructing
the noetherian theory of the principal part of our integro-
differential operator 4, which we denote by the operator L.

To this end, we focus our investigations on the model of
the m®" higher-order linear differential equation to be
studied, expressed by formula (1) by highlighting separately
the differential operator L defined by the following formula.

(Le)(x) = x2o"™)(x) = F(x), x € [-1,1].
(14)

We recall that f(x) eC Ep} [-1,1] and has the
representation
Flx) = xPg(x) + X020

where glx) ecl-1,1),c,. =
g(x) = (N?f)(x).
It is obvious that the homogeneous differential equation
xPolm(x) = 0 (16)
in the space E";T}[—i,i] has a solution in the form of a
polynomial type of the  (m —1) degree so that
@(x) = Pp_y(x) = S teex® and, for that by virtue of
the conditions e (-1)=0,k=0,....,m—1 in the
space C';T} [—1,1], the unique solution of the equation (16)
will be @lx) = 0.

Next we consider the nonhomogeneous equation (14) with
respect to the fact that f(x) € C [‘f’} [—1,1] i.e after division

of the right hand side by the term x# , we reach the following
result:

ckx"
f[ 2 n}

(15)

and

™) = gl) + ZTijaxt. 1)

For the solvability of this equation in the class of continuous
functions it is  necessary to require that all coefficients
tp=0 k=0...,p—1or the same as

(é‘;"}(xlf(x}) =0 under k =0,...

fﬂ':”ﬂ‘;xj' = glx). integrating once with respect to the fact
that @™~ (—1) = 0, we have the following result:

.+ — 1. In this case
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o™ () = [7 g()de,  (19)
from Wherexit foIIO\:/Lvs ) .
plx) = f_ldu f_ldv f_ldw.... f_lg(t}dt =
(mj_-l}:ffl(x —t)m 1g(t)dt
(20)

Therefore finally we obtain that the equation (14) has a
unique solution defined by the next formula:

1 ex _
plx) = mf_l‘:x — )™ 1g(t)dt (21)
under accomplishment of p —conditions of the form
(6;k}(xlf(x}) =0underk =0,...,p—1.

In this case the deficient numbers of the operator L has the
form (0,p) ie (L) =0, B(L) =p and the index
x(L) = —p.

Next our further goal is to show that the obtained
resolvability conditions are nothing other than the
orthogonality conditions of the homogeneous associated
equation in the associated space. But before going to this let
us introduce the following space P = B1[—1,1].

Let designate through B.1[—1,1] the space of distributional

functions onto the space of test functions € [‘f’} [—1,1] such
that ¥{x) € B:[-1,1] if ¥(x) has the following
presentation:

v =22+ 30066 M (), ()
where z(x) € € [-1,1]1n ™ [-1.1],

so that z(x) = xPh(x) +ZE;EC;{X" and z¥(1) =0,
k=0,....m—1,where hix) € C[—1,1].

Lemma 5. The spaces C';T} [-1,1] with €[-1,1] and
Bi[-1,1] with C E‘f’} [—1,1] form two pairs of associated
Banach spaces.

Now let us prove that the conditions (é‘zk}(xl f (x}) =0

under &k = 0,....,p — 1 are the conditions of orthogonality
to the solutions of the homogeneous associated equation.

For this, first of all let us define the associated operator
L':BP:[-1,1] — C[-1,1]  to the operator L by the
following way: )

WP = COmGEPE)™ (23

Let us verify that of course, the operators L and L' are
associated operators so that it takes place:

()
(Lo,¥) =(p L'¥) Yo eC2 [-11],
V¥ e BL[-1,1]. (24)
Infact let us calculate the left part first of all:
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Lo, ¥) = (x70™ (0, ¥(0) = (xP o™ (), 22 +
53869 () = (0 (1), 2(0) = [ 0™(x)
2(x) dx = o™V (@Wz(x)|, - [, 0™ V()
z'(x)dx = — (fﬂ':m‘ﬂ(x}JZ“(x}),

(25)

where it has been considered that
@'™~1(—1) = z(1) = 0. Continuing integration by part
we reach the following relationship:

(6™ W,2) = - (072, 2' W) =
D™ (@), 2™ ().

(26)
In the other side we have: )
(00, L") = (p(x), (—1)™(xPP ()™ ) =
D™ (@), 2™ ().

(27)
Comparing  (25) and (27) we conclude that

Lo, ¥) = (o, L'¥) vo € cV[-1,1],
¥ ¥ € B[-1,1],and this means the operators L and L'
are associated operators.

Lemma 6. The operator L: C"_T} [—1,1] = Ci‘f’} [—1,1] is
noetherian operator and has a deficient numbers (0, p). The
nonhomogeneous equation L ¢ = f is solvable under the
accomplishment of p — conditions for orthogonality

(6Ek}(xlf(x}) =0 under k=0,...,p—1, to all

solutions to the homogeneous associated equation L'¥ = ()
in the associated space B} .

Under the accomplishment of these conditions, the non-
homogeneous equation has a unique solution defined by the
formula (21).

Next we consider the homogeneous associated equation
W) = (O™ (xeE)™ =0
(28)
in the space Bi[—1,1]. Setting the expression of ¥{x) in
(27) we arrive to the following equation: z"™ (x) = 0, that
gives =z(x) =0 by virtue of the conditions
z®(1)=0, k=0,....,m—1.

Consequently the solution ¥{x) of the homogeneous
associated equation has the following form:

P (x) = Ti_p B (), (29)
where [3;, —are arbitrary constants.

Remark that the Dirac delta functions &4 (x) are linearly
independent. So that, the previously obtained conditions
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(é‘ik}(xlf(x}) =0 under k=0,...,p—1 for the
solvability of the non-homogeneous equation can be
interpreted as conditions for the orthogonality of the right-
hand side f{x) to all the solutions of the homogeneous
associated equation in the associated space.

Now consider the associated nonhomogeneous equation
defined by the operator L' of the following form:

) = (D™ (x2w(0) ™ = h(x),

where h{x) € C[—1,1].

(30)

Using as previously upstairs the representation ¥ {x) from
BP1[—1,1] for the solutions, rewrite the equation (28) in the
next form:

(—1)mz"m)(x) = h(x) or 2™ (x) = (—1)™A(x),
(31)
into
we

from where

consideration
obtain:

integratir]g m —times and taking
that z¥(1)=0,k =0,..,m—1,

z0m=0(x) = (—1)™ [ h(£)dt (32)

Consequently
= —(_1}-‘1‘1 1 — +ym—1
z(x) = — ﬂ:fx (x —t)™ 1h(t)dt.  (33)

Therefore, the solution ¥ {x) of the equation (28) has the

following form:
[—q) 4
-2 [ lx—t)™ *hifide

lF(x} — [m-at'x

+ 3P B8 (),
(34)

"
4

with 5}, arbitrary constants.

Consequently the operator L': Bil[—1,1] — C[-1,1] is
noetherian with the deficient numbers (p, 0) i.e al(L”) =p,
B(L") = 0 and with the index ¥ (L") = p.

At the end of these previous analyses carried out, let us

state at this stage the main result obtained in the form of a
lemma.
Lemma 7. The operator L":Ri[—1,1] — C[-1,1] is
noetherian operator and has deficient numbers (p, 0). The
nonhomogeneous equation L' = h has the solution defined
by the following formula:

N Hx—t) ™ 1n(d)dr ;

w(p) = Eae OO oem1p 5030), (o)
with [ arbitrary constants ,k =0, ..,m— 1, in the
associated space Bi[—1,1].

Theorem 1 Let the kernel

kix,t) € E'Ef’} [—1,1] X € [—1,1], then the operator K of
the form (Ke)(x) = f_lik{xj t)e(t)dt,x € [-1,1] is
completely continuous operator from C'_TJ [—1,1] into

c¥-1,1)

E-ISSN: 2313-0571

13

Volume 13, 2026

Proof. Let() (t) - CET} [— 1,1]. Let's verify at the

beginning that (H{p) (t) c Cﬂ{p} [—1,1]. Using

the presentation of the kernel k(x, t) in the following
form:

k(x, t) = Xh_o 0 () x* + xPK; (x, 1)
(36)

where Fl (I, t) is continuous with respect to the set of
variables x,te[-1,1]
c,(t) € C[-1,1].

In other words, .IC(I, t) has a Taylor derivative by the
(0,t)

and

variables X at the point for each

te[-1,1].

(Ko) (x) = X52

it is designated

G =" a®oe®adt,
0(x) = [, Ki(xt) p(t)dt.

have
1 .~
o Ck xk 4+ x’pﬂ(x) where

and

@37)

Considering that ﬂ(x) e C [—1,1] we obtain
@)lx)E — 1,1 . From () itis easy to
(K@) (@) € CP'[-1,1]

receive the following approximation

IKol| Cﬂ{p}[—l,l] <cllollci-1.1]

(38)
where C = 2(M + Zi;é Mk) ;
M, = max,|c (t)| and
M, = max,|c, (t)| and
M = mHXth|R_I(X,t)|

(39)

Finally let us proof that the operator K maps any bounded
st Mo ={p} cC[-11]

{p}
compact set in CO? [—1,1]. To do this, we will use
the following compactness the space

cP-1,1].

into a relatively

criterion in
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Lemma 8. The set M C C'gp} [— 1,1] into a

v}
C.P[—1,1] irand
only if when: a) the set M is bounded; b) A family of

relatively compact set in the space

continuous functions INF M is equicontinuous on a closed

interval [— :|_JT 1].

Proof. The necessary of the condition a) immediately follows
from the boundedness of relatively compact sets. As for
condition (b), a bounded operator

NP: CP—11] — c[-1,1]
relatively compact set M into Cé’p} [—1,1]

relatively NPM compact set into C[— 1,1] , and thus

(b) follows from the Arzela criterion.
Sufficiency of evidence. Using the condition a) and the

maps a

to a

{p}
equivalent norm in the space Cﬂp [—1,1]

in the
foIIowing form
Ngl|.
(40)
we see that
fOl<r, tel-11], [fP0)|<rj=
1,....,p
(41)
for all f EM. By virtue of the obvious equality
-1
lell por_y = Il NP0l + 2Rol0 ™ (0)]
(42)
with respect to the equicontinuity of

( ijc ) (x),f € M, equicontinuity follows from the

uniform continuity of power functions xi’,j = U, P
and uniform boundedness of
|f ,Jj=1,...,p follows of
f(x) eM.

Therefore by the virtue of the Arzela criterion M

relatively compact set into C [— 1, 1] , and it remains with
respect to the uniform boundedness of

£ 530, j =1,

{p}
follows the relative compactness into Cﬂp [—1,1],

and which is what was required to be prove.
Continuing the proof of the theorem let us use this criterion.

As Mﬂ is a bounded set, then by virtue of (38) it follows

., P and Bolzano lemma
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thatand M = H(MD) - Cép}[—l,l] also is

bounded set. It remains to verify that the family of the
functions

h= NPKg € NP(M) = NPKM,
where it is

h(x) = [2 Ki(x,t) o(t)dt

equicontinuous. Approximating the difference

noted

is

h(x) — h(e)l = 2 max K Gy, ©) K G0 gl pa
*1.X2,

(43).

It remains to consider that the function Kl (J'E.', t) is
equicontinuous by the variable X and t € [—1,1].
This ends the proof of the theorem 1.

Next step let us consider the associated operator of the
following form:

K'®)(x) = [1 k(t,x) (©)dt, x € [-1,1]

(44)

The following theorem gives the condition of it compactness

from the space Pﬂ% [— 1,1] into C [— 1,1].

Theorem ) 2 Let the kernel
k(t,x) € CP[=1,11X C[~1,1], then the operator K' of
the form (K'¥)(x) = [, k(t, ) ¥(Ddt, x € [-1,1] is

completely continuous operator from
Pi[-1,1] into C[-1,1].

IP(x) from the space

Pﬂll [—1,1] by virtue of the formula (21) we obtain the
following representation

Proof: For the functions

(K'¥)(x) =
12, k(60 28 dt + T25 (1)1 8K, (0,%),

(45)

where Hl{j} (U,I) designate the Taylor derivative of
the kernel k(t, JE.') by the variable T at the point (U, JE.')
under X € [—1,1]. By the supposition of the theorem
that the kernel K (t JE.') is presentable in the following way

k(t,x) = ck(x)tk tPK, (t,x)
(46)
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where Cj, (x) and Kl (t, X) are continuous functions.
Using the later we find that

(K"P’)(X) =
ci(x )fll zf}k dt + f_llz(t)ﬁ(t,x)dt +
(—1)15jf‘51{j}(0,x),

Ek:o

(47)

Here in the last formula, the first and the third terms are

finite dimensional operators and, the second term is

completely  continuous  from C[—l,l] into
Cc[-11]

The theorem is proved.

Pwli [— 1,1] to represent the function IP'(x) in the
form

_ -1
W(x)=x"Pz(x) + X0 , X
48

where
z(x) e CP[-1,1]1X C[~1,1],

Z (1) = (). Next, with respect of the assertion of the
Lemma compare the left and right sides of the considered
relationship.
Let us finally state the main important theorem with the
relation to the previous noetherisation’s investigation of the
integro-differential operator A.

Theorem 3. Let the mtegral operator (1) defined as an
operator acting from C- [ 1,1] into C‘?’}[ 1,1] in the
supposition that the kernel k(x,t) is verifying the condition
k(x,0) € CP-1,11xC[-11]

The operator A.E‘_T}[ 1,1] = C‘?’}[ 1,1] defined by

the formula (1) is noetherian operator with the index
IndA = y(4) = —p.

The proof of this theorem can be easily deduced from the
Lemma 6 related to the noetherity of the operator L as

principal part of the operator }1, from the assertion of the
Theorem 2 and also is based on the well-known fact that
when a certain noetherian operator is perturbed by a
completely continuous operator, the noetherian property of
the operator and the index of the operator are preserved. On

this matter it is sufficient to note that 4 = L + K.
The theorem is proven.

Next further, alongside with the operator A, defined in (1) we

will consider the associated operator A" defined by the
following way:
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@)=
0m (@) ™ + [1 k(e %) P()dt =

(L'P)(x) + (K"¥)(x) ;s x € [-1,1],
(49)

where m > 1, k(t,x) € CP [-1,1]X C[-1,1].

Likewise it can be proven the following theorem.

Theorem 4. The operator A":Bi[-1,1] — C[-1,1] is
noetherian with the index y(A") = p.

Easily it can be established that the operators A and A’ are
associated operators and so that it takes place the following
lemma. ) )

Lemma 8. The operators A: C'Ifln}[—i,i] = C[‘f’} [—1,1]
and A":R1[—1,1] — C[—1,1] verify the relationship:
12,2040t = [, o(t) (4"¥)(B)dt, Y €

c™-1,1]and v € BL[-1,1].
(50)

Poof: For the proof of the relationship (50) it is sufficient
from the definition of the space Pwll' [— 1,1] to represent
the function *F(x) in the form

Y(x) =x"Pz(x) + Zk_ﬂ By, 61 (0,x),
(51)
where

z(x) e CP[-11]1XC[-1,1], a0

Z (1) = (). Next with respect of the assertion of the

Lemma compare the left and right sides of the relationship
(50).

The Lemma is proved.

As A and A" are noetherian associated operators and
¥(A) = —x(A"), then we obtain the following important
general theorem.

Theorem 5. The equation A¢g = f, where A is the operator

of the form (1) and flx) € C“”}[ 1,1]

the space E'_l [—1,1] if and only if they are realized the
following conditions:

_.r_llf(tj ':lc’rk(t}ﬂ:t = ﬂ, k= 1,213, ...ﬂ(ﬂf}, where
{¥,.}— is the basis of the space of the solutions of the
homogeneous associated equation A"%¥ = (I in the associated
space Bi[—1,1].

Proof. The proof of this theorem is obtained during the whole
complete process of the construction of the noetherian theory
of the operator A4, schematized through the preliminary
investigation of the noetherization of its principal part L and
of the principle of the conservation of noetherity, following
its perturbation by a completely continuous integral operator
K, making the initial operator A a noetherian operator having
the same index as its principal part.

is solvable in
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Let us consider an illustrative example to better understand
and demonstrate the construction of the theory in question for
a specific integro-differential operator.

Example. Let us consider the following integro-differential
operator defined by the third kind integral equation

A@)(x) = x¢'(x) + [, to(t) dt = f(x)
(52)
where f(x) £ Cél}[—l,l] and the solution

QP (x) is to be found from the space C_ll [— 1,1]. It
is not difficult to see that this equation has a solution noted

o) = [ (NF)(t) dt

if and only if it is realized the condition
1 t
£0) = J_ tdt [© (Nf)(s) ds e

After changing the order of integration and performing
simple calculations, the last is written in the following form:

JLINE)(s) — sf(s)lds — 2£(0) = 0

(53)

(55)
or in abbreviated form
1
(f.2-s-28()=0. 6)
It is not difficult to prove that the function of the form
1
P(x)=-—x—26(x) (57)
X

is the unique linear independent solution of the homogeneous
associated equation

A¥Y =20

in the associated space P l. We recall that in this case, it is

(58)

indicated to look for ¥ () in the form of the following

way
z(t)

w(t) ==—"+ps),
weez(t) € CHM[-1,1]n Ci[-11]

Therefore, the condition (55) onto the function f(x) is
the condition of orthogonality to the unique non trivial
solution of the associated homogeneous equation

AP = 0.
To close our research carried out in this work, let's go
straight to the next part entitled conclusion.

(59)

IV. CONCLUSION
The scientific investigations carried out in this work present
in detail the different stages of the complete process of the
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construction of the noetherian theory for the integro-
differential operator A, of which the noetherization of the
operator of the principal part denoted L was firstly
established, defined by a linear singular differential equation
of higher order m in the space of continuous functions

E"f;ﬂ[—i,i]. Rigorous proofs were provided regarding the
compactness of the integral operators, as well as the concept
and principle of associated operators. Subsequently, the
associated operators L and L', the two pairs of associated

Banach functional spaces Ci’;ﬂ[—i,i] with £[—1,1] and

P1[-11] with C [‘f’} [—1,1] related to them for the
construction of the noetherian theory were highlighted, and
the related properties demonstrated. All the above allowed us
to gradually determine the deficient and characteristic
numbers (g, ) and, consequently, the indices (L) and
#(L") respectively of the associated operators L and L'. By
applying the principle of conservation of the noetherity of a
noetherian operator after its perturbation by a compact
integral operator, we were able to demonstrate that the
operator A as the sum of the operators L and K, where K is a
compact operator defined as follows

1
Ko = f_lk(xJ t)y(t)dt is also in turn noetherian with
conservation of its index.

V. RECOMMANDATION
After having carried out the noetherization of the integro-
differential operator considered in this article in the space

c ';T}[—i,i], we can recommend, among other things, firstly,
to carry out its various extensions as is done naturally after
having obtained such results. In other words, it is necessary to
add to the initial functional space successively by direct sum,
the spaces constituted by a finite linear combination of the
Dirac delta distributions as well as its successive derivatives

of finite order { jzﬂa}-é‘a}(x}}, the functional space
constituted by the finite parts in the sense of Hadamard
{ELZianF.pﬁ}, and finally the sum space of the two
L3
a.

. wfi I 1 .
previous ones {EFD }au}(x}} & {E;Flan F.p;}. This
will be the subject of the contents of our next scientific
investigations.
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