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Abstract—Operator derivatives are determined as
functors. Necessary optimality conditions with category
interpretation are proved for abstract optimization
control problems. Finite dimensional extremum problems
and an optimization control problem for nonlinear
parabolic equation with state constraints are considered
as examples.
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I. INTRODUCTION

PTIMIZATION control problems are solved by means of

necessary conditions of optimality frequently. First order
optimality conditions used the differentiation of the state
functional (see, for example, the stationary condition, Euler
equation, the variational inequality, the maximum principle,
etc.). So the optimization control theory can be interpreted as
an application of the differentiation theory.

The differentiation is an operation of the local linearization
[1]. The nonlinear phenomenon has become weakly apparent
in a small enough set. Hence the regular enough nonlinear
object can be approximated by a linear one. For example, the
smooth curve can be approximated in a neighbourhood of a
point by its tangent in this point. However the definition of the
tangent uses the derivative of the function. We apply the
differentiation whenever a nonlinear object is analyzed by
means of its linear approximation.

Note that the differentiation relates with the local structure
of the object only. If functions (functionals, operators) are
equal in a neighbourhood of a point, then it has the same
derivatives in this point. So the derivative characterizes the
local properties of the class of objects, but not a concrete
object. These objects are equivalent in some way. This
equivalence class is the germ of functions (functionals,
operators) in this point [2]. Therefore there exists a natural
relation between the differentiation and germs theory.

The differentiation transforms the germ of operators to a
linear operator, which is its derivative in the given point. This
map can be interpreted as a functor. It transforms the category,
which has germs of operators as morphisms, to the category,
which has linear operators as morphisms. So we can apply the
categories theory [3] for the interpretation of the
differentiation.
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The differentiation functor was defined in [4] without the
germs theory. These results were used for the analysis of
unconditional extremum problems there. The definition of the
differentiation functor with using germs theory and its
application to the extremum theory by means of the inverse
function theorem where considered in [5]. We will define
partial differentiation functors. Necessary optimality
conditions with category interpretation will be proved for
abstract optimization control problems with using implicit
function theorem. Finite dimensional extremum problems and
an optimization control problem for nonlinear elliptic equation
with state constraints will be considered as examples.

Il. DIFFERENTIATION FUNCTOR
AND ITS APPLICATION TO THE EXTREMUM THEORY

We consider the set of pairs (X, x), where X is a Banach
space, and x is a fixed point of X. For all pairs (X, x) and
(Y,y) determine an operator L:X —Y that is Frechet
differentiable at the point x such that Lx = y. Two operators
are equivalent if they coincide at a neighbourhood of the point
x. The relevant equivalence class, namely the germ of the
operator L at the point x, is denoted by L, . We determine the
category I" with Banach spaces with fixed points as the objects
and the germs of differentiable operators as the morphisms.

We now define a map D from I to the category B of Banach
spaces with linear continuous operators. For all object (X, x)
and the morphism L, of the category I' with the beginning
(X,x) and theend (Y, y) we determine

D(X,x)= X, DL, = L'(x).
This map is a functor. It is called the differentiation [4]; and
the value Dy at the germ  is called the derivative of the
morphism y of the category I' [5].

Determine a category ¥ with Banach spaces with fixed
points as the objects. Consider the germs of operators that are
continuously differentiable at a neighbourhood of the fixed
point and have invertible derivative at this point. Let it be the

morphisms of X. Then X is the subcategory X of I"; besides its
morphisms are isomorphisms.
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There exists an application of these notions to the extremum
theory. Let A:Y —V be a state operator, where V and Y are
Banach spaces. The state of a system is described by the
equation Ay =v, where v is a control, and y is the state

function. Suppose for all control v of V this equation has a
unique solution y = Lv from the space Y. Determine the state

functional 1:V — R by the equality I(v)=J(v)+ K(Lv),
where J:V —> R, K:Y — R are given functional. We have

the problem of the minimization of the functional I on the
space V.

If v is a point of the local minimum of the functional | on the
space V, J, and K, are the morphisms of T', and A, is the
morphism of X, where y = Lv, then

DJ, +[H(DAy)]_l DK, =0,

where H is the general cofunctor from B to the sets category
that is determined by the object R [4]. This result was
extended to the problem of the minimization of a functional on
the convex set [5]. However it was an optimization problem,
where the control is an absolute term of the state equation
only. Besides the state functional was the sum of the functional
J and K there. We will consider the general case of the state
equation and the functional. So we will determine partial
differentiation functors.

I1l. PARTIAL DIFFERENTIATION FUNCTORS
AND ABSTRACT OPTIMIZATION CONTROL PROBLEM

Consider a  continuously  differentiable  operator
A:V xY — Z and a functional |:V xY — R, where V,Y,Z
are Banach spaces. Suppose for all control v eV there exists
a unique state y = Lv from Y such that A4(v, y) =0. We have

the problem of the minimization for the functional
v — I (v, Lv) on the space V.

Let (V,v), (Y,y), (VxY,w) be objects of I', where
w = (v, y). Then A4y, is the morphism of T". Its derivative DA4,,

is the pair (Av(w),Ay (w)), where 4, (w) is the derivative of
the map v — A4(v,y) at the point v, and Ay(w) is the
derivative of y — A(v,y) at y. Denote by V@Y the
coproduct of the objects of the category B. Its morphisms
A,(w)V —>Z, A, (w):Y —> Z determine a cocone. Then
ty DA, = 4,(w), 4 DA, = A, (w), where 4 and z are the

canonic inclusionsof Vand Yto V @Y.
Suppose the beginning (W, w) of the morphism A,, of the

category T is the coproduct (V,v)@ (Y,y). The values
i, DA, and 1, DA, are called the partial derivatives D, A,
and Dy A, of 4, . We have the equalities DA =D, A ®D A,
and DI, =D,1,®D,l,. Consider the pair F = (I, A) and

the matrix F'(w) of its partial derivatives at the point w. It is
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the derivative DF,, of the morphism F, of T". But it is the
morphism of the category B with beginning V@Y and
R ® Z, that is the product of the objects of B.

Return to our optimization control problem. It can be
transformed to the problem of the minimization for the smooth

functional S =1Q on the space V, where Q = (E, L), and E
is the unit operator on V.

Theorem 1. Suppose v is a point of local minimum of the
functional S on the space V, F,,is the morphism of I', and C,,
is the morphism of X, where w = (v, Lv), Cy= A4(v,y). Then
D(F,Q,) =0. @)

Proof. The derivative A, (w) is invertible. So the operator

L is differentiable at the point v because of the implicit
function theorem. Then L, and Q, are morphisms of the
category I'. Therefore the functional S is differentiable; and
necessary condition of local extremum S’(v) =0 is true. It can

be transformed to the equality DS, =0. Then the operator
R = AQ is differentiable too. Using state equation, from the
equality R(v+oh)—Rv=0 for all number cand h eV, we

get R'(v) =0; so DR, = 0. Then we obtain

RQ, =(LA)Q = (1.0, AQ) =(S, R,)

because of the definition of the morphism F,. So the equality
(1) is true.

We give some corollaries of Theorem 1.
Corollary 1. Under the conditions of Theorem 1 we have

the equality 1, (v, y) =[A, (v, y)]* p, where y is the solution
of the state equation A(v,y) =0, and p is the solution of the

adjoint equation [Ay (v, y)]* p=1, (v, »).

Corollary 2. Let x = (x4, x;,..., x,) be a point of the local
extremum of the function f; = f;(x) under the equalities
f,(x)=0,1=12,..,n; and all functions are continuously
differentiable at a neighbourhood of the point x. Then its

Jacobian, that is determined by the functions f,, f,..., f, at

the point x, is equal to zero.
Consider the minimization problem for the function

fy = fy(X) f(x)=0,i=12,..,n,

where x = (x,...

under the equalities

,X,,,). Suppose all functions are smooth

enough. Fixe a vector a=(o,..,a,), Where

a; e{l,...n+r}, o = a; Vi j. Determine the matrixes

0, T () o 0, fo(x) 4 fo(x)
£ ) - 2, ,(x) 0, Hi(X) 0, f,(%) 12 .
0, T (X) o 0, £,(X) 0, (%)
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where g e{l,...n+r}, g = p; forall i=j and S #q;

for all i,j, 0, f,,(x) is the derivative of the function f; with

respect to x, at the point x.

Corollary 3. If x is a point of the local extremum of the
function f, under the given constraints, then
|F;(x)| ~0,i=12,...r.

We determine necessary conditions of the extremum without
Lagrange multipliers. However these results can be
transformed to the standard form.

IV. OPTIMIZATION CONTROL PROBLEMS WITH CONSTRAINTS

Consider again a continuously differentiable operator
A:V xY — Z and a functional |:V xY — R, where V,Y,Z
are Banach spaces. Let U be a convex closed subset of V.
Suppose for all control veU there exists a unique state
y = Lv from Y such that A4(v, y) = 0. We have the problem of
the minimization for the functional v — I (v, Lv) on the set U.

Theorem 2. Under the conditions of Theorem 1 suppose v is
a point of a local minimum for the functional v — I(v,Lv) on
the set U. Then v satisfies the variational inequalities
7D(F,Q,)u-v)20Vuel,;, i=12, )
where U, =U, U, =V, 7, and 7, are canonic projections.

Proof. Let v be a point of a local minimum for the functional
v — I (v, Lv) on the set U. Then we have the inequality
1(6,L6)—1(v,Lv) >0 V6O eO,
where the subset O of U is a neighbourhood of the point v. Let

ueU be fixed. Chose a positive number o such that the
inclusion v+o(u—-v)eO is true. Determine the control

0 =v+o(u-v). We get

I(v+a(u—v), L[v+0(u—v)])— I (v,Lv)>0. (3)
Let Z maps the morphism = L, of I to the value Lx. So

the derivative of the morphism satisfies the equality

2L,., = EL, + DL h+n(h),
where ||77(h)|| = o(”h”) Then we have
Elyen = Ely + Dy 0y + Dy lyhy +, (h),
EAuan = EA, + Dy AN, + Dy Ahy +1,(h),
where h= (0, ., ). b ]| = o ([]). a3 = o (1]

Determine

w=(v,Lv), h= (a(u -V), hY), h, = L[v+a(u —v)]— Lv.
Using implicit function theorem, we get

h, =coL'(vV)(u-Vv)+n(c)=oDL,(u-v)+n(o),

where ”77(0)” = o(o). Then we obtain

[1]

=Zl,+oD,l,(u-v)+oD,1,DL, (u-v)+n/(o),

w+h
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where ”771(0')” = o(0o). Devise the inequality (3) by oand pass
to the limitas o — 0. We have

D1, (u-v)+Dyl,DL, (u-v)=0 VueU.

It can be transform to

DS,(u-v)>0VueU.

We have also
A(v+0'g,L(v+0'g))—A(v,Lv) =0Vgel.
So we get
Dy4,e+DyA,DL,g=0Vgel.

It is equivalent to the inequality

Dy 4, (w-v)+DyA,DL,(u-v)20VueV.
Then

DR,(u-v)=0VueV.

We have the equalities =, (F,Q,)=S,, 7,(F,Q)=R,.
Using last inequalities, we get (2).

If U=V, then the variational inequality (2) can be
transformed to the equality (1).

Corollary 4. Under the conditions of Theorem 2 we have
the variational inequality

<|V(Vvy)Z[A/(V,y)]*p,u—v>20VueU, 4)

where </1,y> is the value of the linear continuous functional

A at the point g y is the solution of the state equation
A(v,¥)=0, and p is the solution of the adjoint equation

[Awn] p=1,0:) ©)

The state equation has a unique solution for our case. So
there exists a bijection between the set of controls and the set
of the state functions. So we have equivalence between
controls and states. The single pair “control-state” was
considered for solving systems described by singular systems
[6,7]. We consider other case as an example. Let us have an
optimization problem for a system with state constraints only.
There exist difficulties for solving this problem by means of
standard methods because we do not know how we can variate
the control for saving state constraints. However we can
rearrange the control and the state function. So we will use our
results with state variation.

Consider an example. Let QO be an open bounded
n-dimensional set. We have the equation

z'—Az+|z|pz:g (6)
in the set Q = Qx(0,T), where z' is the derivative of z with
respect to t, p is a positive constant for n=2, and
0<p<2/(n-2) for n>2. For all g from Y =1L,(Q)

this equation has a unique solution z = Mg from the space

{z\ zel, (o,T;Hg(Q)mLp+2(Q)], '€, Q) 7y = 0},
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besides the operator M is *-weakly continuous (see [8], ch. VI,
Theorem 1.1). We have H(l)(Q)c Lz(p+1)(Q) because of

Sobolev theorem. So we have Az € L,(Q). Then the solution
of our boundary problem is the point of the space
V= {z\ zel, (0T;HXQ)), 2’ € L,(Q), Az € L,(Q),2

Let U be a convex closed subset of the space V. Consider the
functional

1 2 VAING
I(z,9) = E”Z _é’“LZ(O,T;Hé(Q)) +E”g”Lz(Q) !

where Jel, (O,T;Hg(Q)) is a given function, y >0, and

the functions z and g satisfy the given equation. We have the
problem of the minimization for the functional | under the
condition z e U. Using standard technique (see, for example,
[9]) we prove the solvability of this problem.

Necessary conditions of optimality for nonlinear parabolic
equations with state constraints are well known. It is systems
with fixed final time [10-12], optimization problems with finite
quantity of integral equalities and inequalities [13], pointwise
constraints [14-16], and time optimal problem [17]. There
exist a few results for the general state constraints. It uses
regularization method [14] or Ekeland principle [18]. We will
obtain standard variational inequality as necessary conditions
of optimality by means of Corollary 4.

Theorem 3. The optimal control is determined by the
formula

g9=-1"'p (7)

where the function p is equal to zero on the boundary of the
given set and for the final time; it satisfies the conditions

2-Az+|Zff z==5""p, (8)
—p' =t +(p+D)|e" p=y4, )
I(Ag’—Az—q)(u—z)szOVu eU. (10)

Q

Proof. We use Corollary 4. Let the state function z of our
system be a “control” v, and the control g be a “state function”
y of the general problem. Determine the operator A by the

formula A(v,y) =Vv'—Av+ |v|p v—y. Then the operator

Lv=Vv'—Av+[v[”v is differentiable. So we can apply

Theorem 2.
We have

{1y, y).h) = [ (7v-v¢) vhdQ =[ (a¢ - av) hQ,

(AT 21 =(p [A00]H) =

j(h'—Am (p+D’ h) pdQ =
Q

[(~pr=ap+ o+ p)hdQ
Q
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for all h eV and for all smooth functions p that is equal to
zero on the boundary of the given set and for the final time.
Then the variational inequality (4) can be transformed to

I[(Ag—Av)—(—p’—Ap+(p+1)|v|’0 p)}(u—v)dQZO
Q
for all ueU. We have the equalities Iy(v, Y) =1V,

|:Ay(v, y)} p=-p. Then we transform the adjoint

equation (5) to y = —Zflp. So the equality (7) is true.
Besides we get (8) because of the state equation (6).
Determine the function g as the right side of the equality (9).
Then the last variational inequality can be transformed to (10).
This completes the proof of Theorem 3.

We obtained necessary conditions of optimality in the
standard form. It can be solved by means of iterative methods.
However this system has peculiarities [7]. The state equation is
applied for finding the state function as a rule, the adjoint
function is determined from the adjoint equation, and the
variational inequality is used for finding the control. But we
have another algorithm. If the function q is known for the fixed
iteration, then we find the state function z from the variational
inequality (10). Then we determine the functions p and g from
the equalities (8) and (9). Hence we do not solve the state
equation and the adjoint one. It is interpreted as the formulas
for finding the functions p and g. The control is determined by
the formula (7). The general difficulty for the fixed iteration is
solving of the variational inequality (10). However it is known
numerical methods for finding the solutions of variational
inequalities [19]. The analogical results can be obtained for
other optimization control problems with state constraints, for
example for elliptic equations [20].

REFERENCES

J. Dieudonné. Foundation of modern analysis. New York and London:
Academic Press, 1969.

N. Bourbaki. Topologie générale. Paris: Hermann, 1940, 1942, ch. 1-4.
I. Bucur and A. Deleanu. Introduction to the theory of categories and
functors. London, New York, Sydney: John Wiley & Sons LTD, 1968.
S. Serovajsky Differentiation of operators and extremum conditions
category interpretation. lzvestiya vuzov. Mathematics. 2010, no 2, pp.
66-76.

S. Serovajsky. “Differentiation Functors and its Application in the
Optimization Control Theory,” in Fourier Analysis and Pseudo-
Differential Operators. Springer Proceedings in Mathematics &
Statistics. 2014, submitted for publication.

A. V. Fursikov. Optimal control of distributed systems. Theory and
applications. Providence: Amer. Math. Soc. 1999.

J. L. Lions. Contr6le de systémes distribués singuliers. Paris: Gauthier-
Villars, 1983.

H. Gajewski, K. Groger, and K. Zacharias. Nichtlineare
Operatorgleichungen und Operatordifferentiagleichungen. Berlin:
Academie Verlag, 1974.

[9] J. L. Lions. Controle Optimal de Systemes Gouvernés par des
Equations aux Dérivées Partielles. Paris: Dunod, Gauthier-Villars,
1968.

R. Griesse, and S. Volkwein. A primal-dual active set strategy for
optimal boundary control of a nonlinear reaction-diffusion system.
SIAM. J. Control Optim., vol. 44, no. 2, pp. 467-494, 2005.

(1]

[2]
(31

(4]

(5]

(6]

(8]

[10]


http://siamdl.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Griesse%2C+R.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true
http://siamdl.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Volkwein%2C+S.&possible1zone=author&maxdisp=25&smode=strresults&aqs=true

INTERNATIONAL JOURNAL OF PURE MATHEMATICS
DOI: 10.46300/91019.2022.9.5

[11] H. R. Henriquez, and E. Hernandez Stabilization of linear distributed
control systems with unbounded delay. J. Math. Anal. Appl., vol. 307,
no. 1, pp. 321-338, 2005.

[12] S. Serovajsky. Optimal control for a singular evolutional equation with
nonsmooth operator and fixed final state. Differential equations, vol.
43, no. 2, pp. 251-258, 2007.

[13] A. S. Matveev, and V. A. Yakubovich. Abstract Optimization Control
Theory. SPb.: SPb. Univ, 1994.

[14] P. Neittaanmaki, and D. Tiba. Optimal control of nonlinear parabolic
systems. Theory, Algorithms, and Applications, New York: Marcel
Dekker, 1994.

[15] N. Arada, and J.P.Raymond. Optimality conditions for state-
constrained Dirichlet boundary control problems. J. Optim. Theory
Appl., vol. 102, no. 1, pp. 51-68, 1999.

[16] A. Rosch, and F. Tréltzsch. On regularity of solutions and Lagrange
multipliers of optimal control problems for semilinear equations with
mixed pointwise control-state constraints. SIAM J. Contr. Optim., vol.
46, no. 2, pp. 1098-1115, 2007.

[17] J. P. Raymond, and H. Zidani Pontryagin's principle for time optimal
problems. J. Optim. Theory Appl., vol. 101, no. 2, pp. 375-402, 1999.

[18] E. Casas Pontryagin's principle for state-constrained boundary control
problems of semilinear parabolic equations. SIAM. J. Control Optim.,
vol. 35, no. 4, pp. 1297-1327, 1997.

[19] R. Glowinski, J. L. Lions, R. Tremolier. Numerical Analysis of
Variational inequalities. Amsterdam: North Holland, 1981.

[20] S. Serovajsky. Optimization control problems for a nonlinear elliptic
equation with state constraints and state variation. lzvestiya vuzov.
Mathematics, no. 9, pp. 81-86, 2013.

E-ISSN: 2313-0571

21

Volume 9, 2022

Creative Commons Attribution License 4.0
(Attribution 4.0 International, CC BY 4.0)

This article is published under the terms of the Creative
Commons Attribution License 4.0
https://creativecommons.org/licenses/by/4.0/deed.en US



http://siamdl.aip.org/vsearch/servlet/VerityServlet?KEY=ALL&possible1=Casas%2C+Eduardo&possible1zone=author&maxdisp=25&smode=strresults&aqs=true



