
I. INTRODUCTION 
ROBABILISTIC normed space is significant as a 
generalization of deterministic results of linear normed 
spaces. In a PN space, the norms of the vectors are 

represented by probability distribution functions instead of 
nonnegative real numbers. If x  is an element of a PN space, 
then its norm is denoted by xF , and the value )(tFx  is 
interpreted as the probability that the norm of x  is smaller 
than t . In [24], probabilistic normed spaces were first 
introduced by Śerstnev and then by it was extended to 
random/probabilistic 2  -normed spaces by Golet [5] using the 
notion of  2  -norm which is defined by Gähler [3,4] and since 
then, many researchers have studied these subjects and 
obtained various results [6-8,23,27,28]. Afterwards, Alsina et 
al. [1] presented a new definition of a PN space which includes 
the definition of Śerstnev [25] as a special case. This new 
definition rapidly became the standard one and it has been 
adopted by many authors (for instance, [9-16,19,20]). 

The concepts of statistical convergence for sequences of 
real numbers was introduced (independently) by Steinhaus 
[26] and Fast [2]. The concept of statistical convergence was 
further discussed and developed by many authors in more 
general abstract spaces [6,9-11,13,20]. 

Some new type of summability methods for double 
sequences involving the ideas of de la Vallée-Poussin mean 
has not been studied previously in the setting of probabilistic 
2 -normed (PTN) spaces. Motivated by this fact, in this paper, 
the notion of ( )µλ, -summable, statistically ( )µλ, -summable, 
statistically ( )µλ, -Cauchy and statistically ( )µλ, -complete 
for double sequence with respect to PTN-space and establish 
some interesting results.  

II. DEFINITIONS AND NOTATIONS 
First we recall some of the basic concepts, which will be 

used in this paper. 

The notion of convergence for double sequence was 
introduced by Pringsheim [18]: We say that a double sequence 

( )
N∈

=
kjkjxx

,,  of reals is convergent to L  in Pringsheim's 

sense (shortly, ( )P  convergent) provided that 0>ε  there 

exists a positive integer N  such that ε<− Lx kj,  whenever 

., Nkj ≥   

Statistical convergence for double sequences )( jkxx =  of 
real numbers was introduced and studied by Mursaleen and 
Edely [17] as follows: Let NN ×⊆K  and 

( ) ( ){ }AkjlkhjlhK ∈≤≤= ,:,, , where N∈lh, . Then we 
define upper and lower asymptotic density of a two-
dimensional set ,K  respectively 

( ) ( ) ( ) ( ) ( ) ( )
.

,
inflim:;

,
suplim:

,2
,

2
hl

lhK
PK

hl
lhK

PK
lhlh ∞→∞→

== δδ   

If ( ) ( ),22 KK δδ =  then the common value )(2 Kδ  is called 
the double asymptotic density of the set K  and  

( ) ( )
.

,
lim)(
,2 hl

lhK
PK

lh ∞→
=δ  

The double sequence ( )kjxx ,=  statistically converges to a 

point L  if for each 0>ε  we have ( )( ) ,02 =εδ K  where 

( ) ( ){ }εε ≥−≤≤= LxlkhjkjK kj,:,,,  and in such situation 

we will write stL = - xlim  (or ( )stLx kj →, )   

Let ( )mλλ =  and ( )nµµ =  are two non-decreasing 
sequences of positive numbers tending to ∞  such that  

0,1 11 =+≤+ λλλ  mm and .0,1 11 =+≤+ µµµ  nn  
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Recall that ( )µλ, -density of the set NN ×⊆K  is given by 

( ) {

( ) }Kkjnkn

mjmPK

n

m
nmnm

∈≤≤+−

≤≤+−=

,:1

,11lim)(
,,

µ

λ
µλ

δ µλ
 

provided that the limit exists. If mm =λ  for all ,m  and 
nn =µ  for all n , the ( )µλ, -density is reduced to the double 

natural density. 

The generalized double de la Valée-Pousin mean is defined 
by  

( )
( )

,1

,
, jk

IJkjnm
nm xxt

nm

∑
×∈

=
µλ

 

where [ ]mmJ mm ,1+−= λ  and [ ].,1 nnI nn +−= µ   

We say that ( )jkxx =  is ( )µλ, -statistically convergent to 
the number L  if for every 0>ε , 

( ) { } .0:,1lim
,

=≥−∈∈ ε
µλ

LxIkJjP jknm
nmnm

 

and in such situation we will write µλ ,st - .lim Lx =   

Definition 1. ([3,4]) Let X  be a real vector space of 
dimension ,d  where .2 ∞<≤ d  A 2 -norm on X  is a function 

R→×⋅⋅ XX:,  which satisfies )(i  0, =yx  if and only if 

x  and y  are linearly dependent; )(ii  ;,, xyyx =  )(iii  

,,, yxyx αα =  ;R∈α  )(iv  .,,, zxyxzyx +≤+  The 

pair ( )⋅⋅,,X  is then called a 2 -normed space. 

As an example of a 2 -normed space we may take 2R=X  
being equipped with the 2 -norm =:, yx  the area of the 
parallelogram spanned by the vectors x  and y , which may be 
given explicitly by the formula 

( ) ( ).,,,,, 21211221 yyyxxxyxyxyx ==−=  

Observe that in any 2 -normed space ( )⋅⋅,,X  we have 

0, ≥yx  and yxxyx ,, =+α  for all Xyx ∈,  and .R∈α  
Also, if yx,  and z  are linearly dependent, then 

zxyxzyx ,,, +=+  or .,,, zxyxzyx +=−  Given a 

2 -normed space ( ),,, ⋅⋅X  one can derive a topology for it via 
the following definition of the limit of a sequence: a sequence 
( )nx  in X  is said to be convergent to x  in X  if 

0,lim =−∞→ yxxnn  for every .Xy ∈   

All the concepts listed below are studied in depth in the 
fundamental book by Schweizer and Sklar [22]. 

Definition 2. Let R  denotes the set of real numbers, 
{ }0: ≥∈=+ xx RR  and ]1,0[=S  the closed unit interval. A 

mapping Sf →R:  is called a distribution function if it is 
nondecreasing and left continuous with ( ) 0inf =∈ tft R  and 

( ) .1sup =∈ tft R   

We denote the set of all distribution functions by +D  such 
that ( ) 00 =f . If ,+∈Ra  then ,+∈ DHa  where  

( )




≤
>

=
.,0
,,1

at
at

tHa if 
if 

 

It is obvious that fH ≥0  for all .+∈ Df   

Definition 3. A triangular norm ( t -norm) is a continuous 
mapping SSS →×∗ :  such that ( )∗,S  is an abelian monoid 
with unit one and badc ∗≤∗  if ac ≤  and bd ≤  for all 

.,,, Sdcba ∈  A triangle function τ  is a binary operation on 
+D  which is commutive, associative and ( ) fHf =0,τ  for 

every .+∈ Df   

Definition 4. Let X  be a linear space of dimension greater 
than one, τ  is a triangle, and .: +→× DXXF  Then F  is 
called a probabilistic 2 -norm and ),,( τFX  a probabilistic 
2 -normed space if the following conditions are satisfied: 

)1.2.2(  )();,( 0 tHtyx =F  if x  and y  are linearly 
dependent, where );,( tyxF  denotes the value of ),( yxF  at 

R∈t , 

)2.2.2(  )();,( 0 tHtyx ≠F  if x  and y  are linearly 
independent, 

)3.2.2(  );,();,( txytyx FF =  for all Xyx ∈,  , 

)4.2.2(  );,();,(
α

α tyxtyx FF =  for every 0,0 ≠> αt  and 

Xyx ∈, , 

)5.2.2(  ));,(),;,(();,( tzytzxtzyx FFF τ≥+  whenever 
Xzyx ∈,,  . 

III. MAIN RESULTS 
In this section, our aim is to define some concepts of ( )µλ, -

summable, statistically ( )µλ, -summable, statistically ( )µλ, -
Cauchy and statistically ( )µλ, -complete for double with 
respect to PTN-space and obtain some interesting results. 

Definition 5. Let ),,( τFX  be a PTN space. The double 
sequence ( )jkxx =  in X  is said to be ( )µλ, -summable (or 

briefly, ( )µλ,F -summable) to L  if for each ,0>ε  )1,0(∈q  
and each nonzero Xz ∈  there exists N∈N  such that 

( )( ) qzLxt nm −>− 1;,, εF  for all ., Nnm >  In this case, we 

write ( )µλ,F - .,lim Lzx =   
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Definition 6. Let ),,( τFX  be a PTN space. The double 
sequence ( )jkxx =  in X  is said to be statistically ( )µλ, -

summable (or briefly, ( )µλ ,stF -summable) to L  if 

( ) ,0,2 =µλδ K  where  

( ) ( )( ){ },1;,:, ,, qzLxtnmK nm −≤−×∈= εµλ FNN  

i.e. if for each ,0>ε  )1,0(∈q  and each nonzero Xz ∈   

( ) ( )( ){ } 01;,:,1lim ,,
=−≤−≤≤ λεzLxtlnhm

hl
P nmlh

F  

or, equivalently 

( ) ( )( ){ } .11;,:,1lim ,,
=−>−≤≤ λεzLxtlnhm

hl
P nmlh

F  

In this case, we write ( )µλ ,stF - ,,lim Lzx =  and L  is called 

( )µλ ,stF -limit of .x  

Definition 7. Let ),,( τFX  be a PTN space. The double 
sequence ( )jkxx =  in X  is said to be statistically ( )µλ, -

Cauchy (or briefly, ( )µλ ,stF -Cauchy) if for each ,0>ε  

)1,0(∈q  and each nonzero Xz ∈  there exists N∈NM ,  
such that for all ,, Mpm ≥  ,, Nqn ≥  the set 

( ) ( ) ( ) ( )( ){ }qzxtxtnmS qpnm −≤−×∈= 1;,:,, ,, εµλε FNN  has 
double natural density zero, i.e. 

( ) ( ) ( )( ){ } .01;,:,1lim ,,,
=−≤−≤≤ qzxtxtlnhm

hl
P qpnmlh

εF  

Theorem 1. Let ),,( τFX  be a PTN space. If a double 
sequence ( )jkxx =  in X  is statistically ( )µλ, -summable, that 

is, ( )µλ ,stF - Lzx =,lim  exists, then ( )µλ ,stF - zx,lim  is 
unique. 

Proof. Suppose that ( )µλ ,stF - 1,lim Lzx =  and ( )µλ ,stF -

,,lim 2Lzx =  where .21 LL ≠  For given 0>ε  and each 
nonzero ,Xz ∈  select 0>q  such that ( ) ( )( ) .11,1 ετ −>−− qq  
Then, for any 0>t , we define 

( ) ( ) ( )( ){ }qtzLxtnmA nmq −≤−×∈= 1;,:,, 1,FNNµλ  

and  

( ) ( ) ( )( ){ }.1;,:,, 2, qtzLxtnmB nmq −≤−×∈= FNNµλ  

Since, ( )µλ ,stF - 1,lim Lzx =  implies ( )( ) 0,2 =µλδ λA  and 

similarly, we have ( )( ) .0,2 =µλδ λB  Now, let 
( ) ( ) ( ).,,, µλµλµλ qqq BAC ∩=  It follows that 

( )( ) 0,2 =µλδ qC  and hence the complement ( )µλ,c
qC  is 

nonempty set and ( )( ) .1,2 =µλδ c
qC  Now, if 

( ) ( ),,\, µλqCnm NN×∈  then 

( ) ( ) ( )

( ) ( )( ) .11,1
2

;,,
2

;,;, 2,1,21

ετ

τ

−>−−>















 −






 −≥−

qq

tzLxttzLxttzLL nmnm FFF
 

Since 0>ε  is arbitrary, we get ( ) 1;,21 =− tzLLF  for all 0>t  
and each nonzero .Xz ∈  Hence ,21 LL =  which proves 
theorem. 

Theorem 2. Let ),,( τFX  be a PTN space. If a double 
sequence ( )jkxx =  in X  is ( )µλ,F -summable to ,L  then it is 

( )µλ ,stF -summable to the same limit. 

Proof. Let us consider that ( )µλ,F - .,lim Lzx =  For every 
0,0 >> tε  and nonzero ,Xz ∈  there exists positive integer 

N  such that 

( )( ) ε−>− 1;,, tzLxt nmF  

holds for all ., Nnm ≥  Since  

( ) ( ) ( )( ){ }εµλε −≤−×∈= 1;,:,, , tzLxtnmM nmFNN  

is contained in NN× . Therefore ( )( ) ,0,2 =µλδ εM  that is, 
( )jkxx =  is ( )µλ ,stF -summable to .L   

The following example shows that the converse of Theorem 
2  need not be true. 

Example 1. Consider 2R=X  with 1221:, yxyxyx −=  

where ( ),, 21 xxx =  ( ) 2
21, R∈= yyy  and let ( ) abba =,τ  for 

all ., Sba ∈  For all ( ) 2, R∈yx  and ,0>t  consider  

( ) .
,, yxt

ttyx +
=F  

Then ( )τ,,2 FR  is a PTN space. The double sequence 
( )jkxx =  is defined by 

( )




 ∈=

=
otherwise.

 if 
,0

,,, 2

,
Nwwnmmnxt nm  

For 0,0 >> tε  and nonzero ,Xz ∈  write  

( ) ( ) ( )( ){ }.1;,:,, , εµλε −≤×∈= tzxtnmM nmFNN  

It is easy to see that 

( )( )
( ) 



 ∈=

=
+

= +

otherwise;
  for

,1
,,,

,
;,

2

,
,

Nwwnm
yxtt

ttzxt mnzt
t

nm
nmF

 

and hence  

( )( )




 ∈=

=
otherwise.

 if 
,1

,,,0;,lim
2

,
Nwwnmtzxt nmF . 
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We see that the sequence ( )jkxx =  is not ( )µλ,F -summable 

in ( ).,,2 τFR  But the set ( )µλε ,M  has double natural density 
zero since ( ) ( ) ( ) ( ){ }.,...9,9,4,4,1,1, ⊂µλεM  From here, we 
obtain that the converse of Theorem 2 need not be true. 

Theorem 3. Let ),,( τFX  be a PTN space. If a double 
sequence ( )jkxx =  in X  is statistically ( )µλ ,stF -summable to 
L  if and only if there exists a subset  

( ){ } NN×⊆<<<<= ......;:, 2121 kkjjkjM nm   

such that ( ) 12 =Kδ  and ( )µλ,F - .,lim , Lzx
nm kj =   

Proof. Suppose that there exists a subset 

( ){ } NN×⊆<<<<= ......;:, 2121 kkjjkjM nm   

such that ( ) 12 =Mδ  and ( )µλ,F - .,lim , Lzx
nm kj =  Then there 

exists N∈N  such that ( )( ) ε−>− 1;,, tzLxt nmF  holds for all 

., Nnm >  Put  

( ) ( ) ( )( ){ }εµλε −≤−×∈= 1;,:,, , tzLxtnmM
nm kjFNN  

and ( ) ( ){ }.,...,,, 2211 ++++=
′

NNNN kjkjM  Then ( ) 12 =
′

Mδ  and 

( ) ′
−⊆ KM Nµλε ,  which implies that ( )( ) .0,2 =µλδ εM  

Hence ( )jkxx =  is statistically ( )µλ, -summable to L  in PTN 
space. 

Conversely, suppose that ( )jkxx =  is ( )µλ ,stF -summable to 

.L  For ,...2,1=q  and ,0>t  write  

( ) ( ) ( )( ) ,11;,:,, ,








−≤−×∈=
q

tzLxtnmM
nm kjq FNNµλ  

and  

( ) ( ) ( )( ) .1;,:,, ,








>−×∈=
q

tzLxtnmK
nm kjq FNNµλ  

Then ( )( ) 0,2 =µλδ qM  and  

( ) ( ) ( ) ( ) ...,,...,, 121 ⊃⊃⊃⊃ + µλµλµλµλ ii KKKK  (1) 
and  

( )( ) ,....2,1,1,2 == qKq  µλδ  (2) 

 

Now, we have to show that ( ) ( )µλ,, qKnm ∈ , ( )
nm kjxx ,=  is 

( )µλ,F -summable to .L  Assume that ( )
nm kjxx ,=  is not 

( )µλ,F -summable to .L  Hence, there exists 0>ε  such that 
( )( ) ε≤− tzLxt

nm kj ;,,F  for infinitely many terms. Let 

( ) ( ) ( )( ){ },;,:,, , εµλε >−×∈= tzLxtnmK
nm kjFNN  

and q
1>ε  with ,....3,2,1=q  Then  

( )( ) ,0,2 =µλδ εK  

and by (1), ( ) ( ).,, µλµλ εKKq ⊂  Hence ( )( ) ,0,2 =µλδ qK  

which contradicts (2) and therefore ( )
nm kjxx ,=  is ( )µλ,F -

summable to .L   

Theorem 4. Let ),,( τFX  be a PTN space. If a double 
sequence ( )jkxx =  in X  is ( )µλ, -summable, then it is 

statistically ( )µλ, -Cauchy. 

Proof. Assume that ( )µλ ,stF - .,lim Lzx =  Let 0>ε  be a 
given number so that choose 0>q  such that 

( ) ( )( ) .11,1 ετ −>−− qq  

Then, for 0>t  and nonzero Xz ∈ , we have  

( )( ) ,0,2 =µλδ qA    (3) 

where ( ) ( ) ( )( ){ }qzLxtnmA t
nmq −≤−×∈= 1;,:,, 2,FNNµλ  

which implies that 

( )( ) ( ) ( ) .11
2

;,:,, ,22 =
















−>





 −×∈= qtzLxtnmA nm

c
q FNNδµλδ

Let ( ) ( ).,, µλc
qAgf ∈  Then ( )( ) .1;, 2, qzLxt t

gf −>−F  Now, let 

( ) ( ) ( ) ( ) .1
2

;,:,, ,,








−≤





 −×∈= εµλε

tzxtxtnmB gfnmFNN  

We need to show that ( ) ( ).,, µλµλε qAB ⊂  Let 

( ) ( ) ( ).,\,, µλµλε qABnm ∈  Then  

( ) ( )( ) ε−≤− 1;,,, tzxtxt gfnmF  and ( )( ) ,1;, 2, qzLxt t
nm −>−F  in 

particular ( )( ) .1;, 2, qzLxt t
gf −>−F  Then 

( ) ( )( )
( ) ( )

( ) ( )( ) ,11,1
2

;,,
2

;,

;,1

,,

,,

ετ

τ

ε

−>−−>















 −






 −≥

−≥−

qq

tzLxttzLxt

tzxtxt

gfnm

gfnm

FF

F

 

which is imposible. Therefore ( ) ( ).,, µλµλε qAB ⊂  Hence, by 

(3) ( )( ) .0,2 =µλδ εB  Therefore, x  is statistically ( )µλ, -
Cauchy in PTN-space. 

Definition 8. Let ),,( τFX  be a PTN space. Then, 

( )a  PTN-space is said to be complete if every Cauchy 
double sequence is P -convergent in ).,,( τFX   

( )b  PTN-space is said to be statistically ( )µλ, -complete 
(or briefly, ( )µλ ,stF -complete) if every statistically ( )µλ, -

Cauchy sequence in PTN space is statistically ( )µλ, -
summable. 

INTERNATIONAL JOURNAL OF PURE MATHEMATICS 
DOI: 10.46300/91019.2022.9.1 Volume 9, 2022

E-ISSN: 2313-0571 4



Theorem 5. Every probabilistic 2 -normed space ),,( τFX  
is ( )µλ ,stF -complete but not complete in general. 

Proof. Assume that ( )jkxx =  is ( )µλ ,stF -Cauchy but not 

( )µλ ,stF -summable. Then there exists N∈NM ,  such that for 
all ,, Mpm ≥  ,, Mqn ≥  the set  

( ) ( ) ( ) ( )( ){ } 01;,:,, ,, =−≤−×∈= εµλε tzxtxtnmD qpnmFNN  

has double natural density zero, i.e. ( )( ) 0,2 =µλδ εE  and  

( )( ) ( ) ( ) .01
2

;,:,, ,22 =


















−>





 −×∈= εδµλδ ε

tzLxtnmE nmFNN

 

It follows that ( )( ) .1,2 =µλδ ε
cE  Since 

( ) ( )( ) ( ) ,1
2

;,2;, ,,, ε−>





 −≥−

tzLxttzxtxt nmqpnm FF  

if ( )( ) .;, 2
1

2,
ε−>− t

nm zLxtF  Hence ( )( ) ,0,2 =µλδ ε
cE  which 

give rise to a contradiction, since ( )jkxx =  is ( )µλ ,stF -

Cauchy. Consequently, ( )jkxx =  must be ( )µλ ,stF -summable. 

To see that a probabilistic  2  -normed space is not complete 
in general, for this, we have the following example: 

Example 2. ( ] ( ]1,01,0 ×=X  and ( ) zxt
ttzx ,;,

+
=F  for 0>t  

and nonzero .Xz ∈  Then ),,( τFX  is a probabilistic 2 -
normed space but not complete, since the double sequence 
( )mn

1  is Cauchy with respect to ),,( τFX  but not P -
convergent with respect to the present PTN-space. 

IV. CONCLUSION 
This study indeed presents a relationship between two various disciplines: 

the theory of probabilistic normed spaces and summability theory. Some new 
type of summability methods for double sequences involving the ideas of de 
la Vallée-Poussin mean has not been studied previously in the setting of 
probabilistic 2 -normed (PTN) spaces. Motivated by this fact, in this paper, 
the notion of ( )µλ, -summable, statistically ( )µλ, -summable, statistically 
( )µλ, -Cauchy and statistically ( )µλ, -complete for double sequence with 
respect to PTN-space and establish some interesting results. These results can 
be utilized to study the convergence problems of double sequences having 
chaotic pattern in probabilistic 2 -normed spaces. 
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