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Abstract— In all real materials, energy is dissipated
during deformation. You can think of it as a kind of
internal friction. The load curve for the full period does
not fit into a straight line.

Usually, to describe the damping in the material, a
model is used in terms of the hysteresis loss coefficient,
since the energy losses per period depend weakly on
frequency and amplitude. At the same time, the
mathematical description in the loss factor model is based
on complex values, that is, it implies only the case of
harmonic vibration. Therefore, this damping model can
only be used for frequency-domain studies.

Rayleigh damping is a simple approach to forming the
damping matrix as a linear combination of the mass matrix
and the stiffness matrix. This damping model is unrelated
to any physical loss mechanisms.

In this paper, we consider a model of a mathematical
pendulum for the experimental and computational
determination of the damping properties of a polymer
composite material. For the experimental part, a stand was
designed and created that simulates the excitation of a
plate made of a polymer material. The computational
repetition of the experiment was performed by the finite
element method and using the analytical Runge-Kutta
method of the 4th and 5th order.
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I. INTRODUCTION

The free-oscillation method is based on the determination of
the attenuation of free oscillations. Losses of cyclic
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deformation arising under the influence of stresses are
determined by the logarithmic decrement of damping of free
vibrations [1-3]. The sample is given an initial oscillation
amplitude and the number of times the damped oscillation
amplitude decreases are recorded. At a small degree of
deformation, the relative energy loss does not depend on the
amplitude, which changes during damping.

The most common variation of the method is the use of a
torsion pendulum. In this case, the sample in the form of a
plate is the elastic part of the pendulum. The period of
oscillation of a torsion pendulum can be changed by varying
the moment of inertia of the weights suspended on the plate.
The method of internal friction is based on the use of free
torsional vibrations, for which GOST 20812-83 defines a
frequency range of 0.1 ... 27 Hz. For this purpose, direct-type
torsion pendulums are used.

Before testing, the linear dimensions of the samples are
measured. The thickness is measured at least five places along
the entire length of the specimen and is calculated as the
arithmetic mean. The largest and smallest values may deviate
from the average value by no more than 3%, otherwise, the
sample cannot be accepted for testing.

The sample is fixed in the upper and lower clamps of the
device so that its longitudinal axis coincides with the axis of
the oscillatory system to obtain strictly sinusoidal oscillations.

After fixing the sample, its length is measured between the
clamps with an error of not more than 0.1 mm.

By removing the load from the rest position, the system is
brought into oscillatory motion. The angle of twist during
oscillation should not exceed 3° in each direction. The
frequency and amplitude of oscillations are recorded using a
measuring system, the measurement results are recorded in an
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II. EXPERIMENTAL DETERMINATION OF THE DAMPING
PROPERTIES OF THE MATERIAL

Description of the experiment. The experimental stand is
shown in Fig. 1.

Fig. 3 test bench

Table 1 presents the names of the elements indicated in Fig.

3.
Fig. 1 diagram of the torsion pendulum Table 1. Test bench elements
Item element Element name

The inertial part is a round metal disk with a certain
moment of inertia, the mass and dimensions of which are 1 Weight
chosen so that the tensile stress on the sample does not exceed 2 Test sample
0.1 MPa.

Clamps must provide reliable coaxial fastening of the 3 Vice clamps
sample, have a small mass and a negligible moment of inertia, 4 Welding table
which can be neglected. Fixing the sample should not affect ) )
the measurement results [4-8]. 5 Measuring equipment

The collection of information about the change in the angle 6 Enconder
of twist of the pendulum is carried out using the encoder and
the digital system ZETSensor connected to it Fig. 2, which 7 U-shaped console

collects data from the primary analog converters and transmits

a digital signal to the PC. Analysis of test results. The result of the tests is a plot of

the sample twist angle versus time at a frequency of 200 Hz
Fig. 4.

Twist angle, rad

Fig. 2 measuring equipment ZETSensor - A Time, sec
Fig. 4 test result
Description of the test bench. The test bench is a structure

that has a vise with slots for fastening to the welding table and The tests were carried out 4 times for one sample. The test
a U-shaped console for mounting measuring equipment. The  results are presented in Table 2.
sample is fixed in a vice in the lower part of the stand, on the Table 2. Test result

upper part, it is attached to the encoder through a sleeve, to
which, in turn, a weight is attached [9]. The test stand is shown
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Test  Angle value Angle value Time value at  Time value at

num  at the first at the second the first (¢,) the second (t,)

ber point (X,), point (X), point, sec point, sec
degree degree

1 1.53 1.17 21.209 21.525

2 2.07 1.53 19.950 20.260

3 1.62 1.17 17.558 17.870

4 1.89 1.35 20.980 21.280

After testing, the obtained data are analyzed, the period
and frequency of attenuation oscillations and the logarithmic
decrement of attenuation are calculated. Consider the
calculation of these parameters for the first test.

The damping oscillation period is:

T=t -t =21.525-21.209 = 0.316sec
The damping oscillation frequency is:
2-r 2-3.14
w=—"-=
T 0.316
The logarithmic decrement is equal to:

X 1.53
=In| — |=0.268
1.17

o=In| —
XZ

The results of the analysis of the remaining tests were

calculated similarly and are presented in Table 3 [10].

Table 3. Test result

=19.883Hz

Value of
Value of Value of the
oscillation
Test oscillation logarithmic
damping
number damping frequency  damping decrement
period (T),
(ew), degree (&) point, sec
degree
1 0.316 19.883 0.268
2 0.310 20.268 0.302
3 0.312 20.138 0.325
4 0.300 20.944 0.336
Averag
0.310 20.309 0.308
e value
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III. DETERMINATION OF THE DAMPING PROPERTIES OF THE
MATERIAL BY THE FINITE ELEMENT METHOD ACCORDING TO
THE RAYLEIGH DAMPING MODEL

Definition of coefficients of proportionality. To simulate the
damping properties of the material, the Rayleigh damping
model is used - the proportional damping model:
C=a-M+p-K,

where C, M, K are global matrices of damping, mass, and
stiffness, @ is a constant characterizing inertial damping, § is
a constant characterizing structural damping.
The oscillation damping coefficient can be found in terms of
natural circular frequency:

1
2
where @; — natural circular frequency of the sample

The main advantage of this method is that it models the
damping parameters for the material and not for a specific
structure, i.e. Having determined the damping parameters for a
given sample, this model can be used to calculate other
structures made from this material [11-13].

To determine the coefficients of proportionality ¢ and f3,
it is necessary to carry out a modal calculation to determine the
natural frequencies of the sample corresponding to two
different successive modes of vibration.

According to the results of the calculation for the test sample,
such vibrations are torsional and bending vibrations, as shown
in Fig. 5.

An
2
E]?@zs«oz
3441E402
— 2949E402
7 2458E402
= 19676402
e
I 9.851E+01
4.940E+01
= 2886E01

Max = 4 4236402
Gnds 83

3
Min = 2 836E-01
Grids 1854

Fig. 5 analysis of the modes of vibration of natural frequencies

After determining the necessary modes of vibration, a
calculation is carried out similar to the tests for the frequency
shape corresponding to torsional vibrations, and the
calculation for bending vibrations. For these two calculations,
the same parameters of proportionality coefficients and
material parameters are introduced to find the relationship
between the logarithmic decrement of the damping of bending
and torsional vibrations. The result of these calculations are
graphs of the twist angle or sample displacement versus time,
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similar to the graph shown in Fig. 4. Further, using the
obtained dependence between the logarithmic damping
decrement of torsional and bending vibrations and circular
frequencies, the logarithmic decrement, and circular frequency
are found, corresponding to bending vibrations for
experimental calculations, because the existing stand can
conduct tests corresponding only to torsional vibrations [14-
16].

The oscillation damping coefficient can be expressed in terms
of the logarithmic decrement:

@

T 10 125 150 175 200 225 250

Fig. 6 the dependence of the attenuation coefficient of oscillations
on the circular frequency

Using equations 1 and 2, it is possible to solve a system of
equations corresponding to torsional (with index 2) and
bending (with index 1) vibrations, for which all quantities will
be known, except for the required proportionality coefficients

o and f3:
Z‘wl'wz(gl'wz_gz'wl)
o=

2 2
@, — @,

B= 2(§2'w2_§1'w1)
- 2 2
@, — @,

As a result of solving this system of equations, the
following results were obtained:

1
o =2413—
sec
£ =0.001sec

The function of the dependence of the attenuation
coefficient on the circular frequency [1] has the form (Fig.
1.6). As you can see, this dependence can be divided into two
parts (dashed line in Fig. 6), where the first part of the graph
depends on the proportionality coefficient a, and the second
part, respectively, on the coefficient S, therefore, the

coefficient a is
coefficient fluctuations in the range of small values of circular

more responsible for the attenuation
frequencies, and the coefficient 3, respectively, in the range of
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large values of circular frequencies [17].

Description of the finite element model. The parameters
of the material of the sample are set the same as for the test
sample. They are presented in table 4.

A finite element model (FEM) of a sample with given
boundary conditions is shown in Fig. 1.7. The type of FE used
to simulate the sample in this model is a shell element, the
average size of the FE is 1 mm, the number of FEs is 2220.
The weight is modeled by a rigid FE - rbe2 with given mass-
inertia parameters presented in Table 5.

Table 4. Material parameters

78

Tensile
Modulus of Poisson’s Density,
Material strength,
elasticity, MPa ratio tons/mm”3
MPa
Fluoroplast
725 0.4 11 22.10""
-4
Table 5. Mass-inertial indicators of the weight
Physical
Parameter Value
dimension
Weight 0.001 tons
Moment of inertia
about the axis of
1.137 tons\mm2
rotation of a
cylindrical weight
e

Fig. 7 FEM for the analysis of damping properties

At one end of the sample, restrictions are imposed on all
degrees of freedom (embedding) along with the length
corresponding to fixing the sample in a vise during testing. A
forced angular displacement is applied to an independent node
of the element that simulates a weight, corresponding to the
angle of twist of the sample during testing, at a time of 3
seconds, the forced displacement is removed.

Analysis of the FEM calculation results. The result of the
calculation is the dependence of the sample twist angle on time
(Fig. 8). After plotting the dependence, the damping
parameters are determined. Decay oscillation period:

T =t —t, =0.516—0.797 = 0.281sec

Decay oscillation frequency:
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Logarithmic decrement:

X 0.041
S=In| —+ |= ln(—) =0.358
X 0.028

2

”\,}:U‘U\/—\LJ‘JL i N A

Twist angle, rad

Time, sec

Fig. 8 the result of the FE calculation

IV. DETERMINATION OF THE DAMPING PROPERTIES OF THE
MATERIAL BY THE ANALYTICAL METHOD

Drawing up a differential equation. A common matrix
equation of dynamic equilibrium is compiled for the entire

system:
M-p+C - K-p=0, 3)

where C, M, K are global matrices of damping, mass,

and stiffness, respectively, @ is the sample twist angle.

Using the Rayleigh damping method, the damping matrix

can be represented as:
C=a-M+5-K, 4

where @ is a constant characterizing inertial damping,
[ is a constant characterizing structural damping [18].

Substituting Equation 3 into Equation 4, we get:

[M]o+[a[M]+ B[K]lp+[K]p =0,

or

J pt[a-d +K-Ble+K-p=0,

where [,,, — total moment of inertial of the plate and
weight.

As a result, the differential equation necessary for solving
can be represented as:

" K- K
e e o ®
Jm Jm
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Determination of the missing data for solving the
equation. Next, you need to find the missing data, such as the
total moment of inertia of the sample with a weight and the
torsional stiffness of the system.

The initial data for the calculation are presented in Table 6.
Table 6. Initial data for calculation

Physical
Parameter Value

dimension
Plate thickness, a 4 mm
Plate width, b 15 mm
Plate lenght, L. 150 mm
Plate weight, m_ 1.98.10"" tons
Modulus of elasticity

725 MPa

of the plate material, E
Poisson’s ratio, v 0.4 -
Load weight, m;_.4 1%10" tons
Load radius, r 46 mm

First of all, the moments of inertia of the weight and the
plate are found:
2

i _1.058mm’ - tons

load

2

J =—2  -3713-10"mm’- tons
plate
12
The total moment of inertial is:

J =1

ot T e = 1.058mm” - tons
To determine the polar moment of inertia, it is necessary to
use a coefficient applicable for rectangular sections and
depending on the ratio of the thickness and width of the
sample [19]. For a given section, this coefficient is equal to:
B=0.263

Next is the polar moment of inertia of the plate:
J . =B-b-a’=252.48mm"

polar
The shear modulus for the plate material is determined by
the formula:
C2(1+v)
By determining the shear modulus, you can find the
torsional stiffness of the structure:
H-mm

= 258.929MPa

G-J
K = — = 435.829
plate
Solution of a differential equation. The differential
equation 5 was solved by the one-step explicit Runge-Kutta

rad

79
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method of the 4th and 5th order [20], the problem statement
has the form shown in Fig. 9.

Twist angle, rad

Time, sec
Fig. 9 solution of the equation

The input data for the calculation are the coefficients of
proportionality, the values of which were determined in
paragraph 1.2.1, the torsional stiffness of the plate, and the
total moment of inertia of the weight together with the plate. In
Fig. 1.9, Al and A2 are the factors in front of ¢ "and ¢,
respectively:

K -
Al=a+ p
Jm
K
A2 =—
J

Analysis of the result of the analytical method of
calculation. The result of the analytical calculation is the
dependence of the sample twist angle on time Fig. 10.

Twist angle, rad

Time, sec

Fig. 10 results of the analytical method of calculation

Fig. 10 shows the resulting graph for the analytical
calculation method (red graph) and the test results (blue
graph).

After plotting the dependence, the damping parameters are
determined.

Decay oscillation period:

T=t -t =0.456-0.155=0.301sec

Decay oscillation frequency:

2-r 2-3.14
Ow=—:=
T 0.301

Logarithmic decrement:
X, 0.391

Od=In| — |=In| —— |=0.439
X, 0.252
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V. COMPARISON OF THE RESULTS OF ANALYTICAL
CALCULATION AND FEM CALCULATION WITH EXPERIMENTAL
DATA

Comparative analysis of the results of analytical
calculation and calculation of the FEM. Comparative
analysis of calculation results with experimental data is
presented in Table 7.

Table 7. Comparison calculation results with experimental data

Value of Value of
Value of the
oscillation oscillation
Calculation logarithmic
damping damping
type decrement (&)
period (T), frequency
point, sec
degree (w), degree
Experiment 0.310 20.309 0.308
FEM 0.281 22.360 0.358
Analytical 0.301 20.874 0.439

Fig. 11 shows the resulting graph for the analytical
calculation method (blue graph), the test result (brown graph),
and the finite element calculation result (green graph).

Twist angle, rad

Time, sec
Fig. 11 comparison of calculation results

VI. CONCLUSIONS AND RECOMMENDATIONS

As can be seen from the calculation results, the time from
the beginning to the end of damping for all cases has
approximately the same value. The values of the frequencies of
the first oscillations are the same for all three cases, the
differences from the experimental data begin to appear at small
values of the plate twist angle.

The combined method for calculating coefficients of
models a and B for calculating Rayleigh damping can be
applied at the stage of designing aircraft structures and thus
obtain calculated results of static and dynamic accuracy of
model determination.

In the future, the developed method is supposed to be used
for constructively manufactured samples.
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