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Abstract—This paper presents a system of delay tumor
growth that describes an interaction between the
proliferating and quiescent cells tumor. This system is
fuzzified by parametric form of a-cut representation of
symmetric triangular fuzzy number. The steady state and
linear stability of fuzzy tumor growth system with
quiescence and without quiescence cells are determined
and analyzed. Here, we show that the trivial steady state
of the system with quiescence is stable for T =0 by Routh
Hurwitz conditions. For increasing delay the steady state
is unstable by using Strum theorem.
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l. INTRODUCTION

REDATOR-PREY interaction is the fundamental model

in population dynamics. Understanding the dynamics of
predator-prey models will be useful for investigating multiple
species interaction. However, one of application of predator-
prey interaction is tumor growth cells. Many researchers
examined delay predator-prey type interaction in tumor studies
where the immune or the quiescence cells play the role of
predator and prey respectively [1].

Tumor cells can be divided into proliferating or cycling
cells and nonproliferating or quiescent cells [2]. A cell is
assumed cancerous when it has lost its ability to regulate cell
growth and division (mitosis). Thus, cancer is a disease of
rapid uncontrolled growth of malignant cells. In this paper the
mathematical system proposed describes the delay tumor
growth interaction between the proliferating and quiescent
cells of two differential equations with one delay.

Yafia [3] develops a delay differential equation model for
interaction of proliferating and quiescent tumor cells.
However, this paper does not include immune cell nor the
impact of the drugs. In fact, it may be important for cancer
treatment to target the proliferating cells. Including quiescent
cells in the model should be more realistic and could provide
additional insight into complex system. In [4], the authors
discuss the existence, uniqueness and non-negativity of
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solutions and they obtain that under an appropriate hypotheses

and using Poincare-Bendixon theorem, the nontrivial steady

state is globally asymptotically stable for the system with
=0.

In real life, we have learned to accept that we are actually
dealt with uncertainty. Modeling the real life problems in such
cases, usually involves uncertainty or vagueness in some of
the parameters including the tumor growth system. In this
system, the condition of the patients and the tumor type can be
considered as uncertain parameters. Meanwhile, the concept of
fuzzy set and system was initially introduced by Zadeh [5] and
has been used to model a dynamical system under possibility
uncertainty [6]. Therefore, in this paper we used fuzzy concept
to propose a system known as fuzzy delay tumor growth
system. Specifically, the discussion on the theory and analysis
of delay tumor growth system with uncertainty parameters is
considered.

The organization of this paper is as follows. In Section II,
tumor growth system without and with quiescent cells are
given. Including dynamical analysis in a delayed system for
tumor growth. In addition some definitions regarding the
fuzzy number are briefly presented. In Section 11, fuzzy tumor
system without quiescent cells is introduced. In Section 1V,
two examples are given to demonstrate the results for the
fuzzy delay tumor growth with quiescence cells. Finally the
conclusion of the finding is given in Section V.

II. TUMOR GROWTHSYSTEM
In the absence of quiescent cells and the delay, the

proliferating cells follow the logistic equation P(t) =bP(t)

and the tumor becomes a malignant tumor for b >0 and
becomes benign for b < 0. In absence of proliferating cells
the quiescent cells are normally absent.

A. Dynamics Analysis in a Delayed system for Tumor
Growth with Quiescence

Consider the following system:

PO _ pp(t—r)—r. (N (©)PE) + L (NM)Q)
] dtt )
% =1, (N(©)P(t) — (1 + 1 (N(©))Q(t)
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In biological terms, where P(t) and Q(t) represent the
numbers of proliferating tumor cells and quiescent tumor
cells respectively. N(t) =P(t) + Q(t) is the total number of

tumor cells at time t, b=/—y, >0 the rate of the
proliferating cells where (£>0) and the division rate of
the proliferating cells, 4, >0 the death rate of cells of the

proliferating cells, x4, >0 is the mortality rate of the

quiescent cells, r,(N) is the nonlinear transition rate from
the proliferating class to the quiescent class and I, (N) is the

nonlinear transition rate from the quiescent class to the
proliferating class . For this tumor population, we assume that
r.(N) is non-decreasing and r,(N) is non -increasing,
both rates are Lipschitz continuous on bounded sets of N in
R (see Gyllenberg and Webb [4]) and the constant s the
time delay which the proliferating cells takes to divide.

Yafia [3] analyzed system (1) and concluded that it has a
trivial and unique positive steady state. Dynamical study of
the system is also presented in [3] in terms of local stability of
the two steady states. Yafia consider the function

f:R" >R and g:R" >R as
() = 21 (X) =B + 1 (X))
and

g(x):b_,uQ _rP(X)_rQ(X)l
respectively.

Assuming the hypotheses:

(A)  f(0)<0,

(NA)  f(0)>0,

(A2 f (+00) >0,

(A3) g(x)<0 for all x>0,
(NA;)  g(X)>0 forall x=0.

Yafia’s paper proved the next three theorems where the first
theorem gives the stability result for the trivial steady state
while the nontrivial is not exist.

Theorem 1

Assume the hypotheses (NA;) and (As). Then the trivial
steady state of the system (1) is asymptotically stable for all
72>0.

The next theorem gives a result of instability of the trivial
steady state when the nontrivial steady state exists.

Theorem 2
Assume the hypotheses (A;) and (NA3). Then the trivial steady
state of the system (1) is unstable for all  >0.

The last theorem gives the result of change of stability of non
trivial steady state.
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Theorem 3
Assume the hypotheses (A;)-(As) and the functions

I, (increasing function) and I, (decreasing function) are of

class CL. Then there exists a critical value 7, 0f the time delay,
such that the nontrivial steady state is asymptotically stable,
for €[0, r,]and unstable, for >z, .

B. Fuzzy Theory
Definition 1 [5]
A fuzzy number is a function such as u:R —[0,1]

satisfies the following properties:
1) uisnormal, i.e 3x, € R with u(x,)=1.

2) u is a convex fuzzy set i.e
U(Ax+1L—A)y) = min{u(X),uy)}vx,yeR, 1 [0,1].

3) U is upper semi-continuous on R .

4)  {xeR:u(x)>0}is compact where A denotes the

closure of A.

Definition 2 [6]
An ¢ -cut, U, is a crisp set which contains all the elements of

universal set X that have a membership function greater or
equal to a and can be  expressed as

u, ={xe X:u,(x)=a}.

Definition 3 [7]

A fuzzy number U is completely determined by any pair
u=(u,u) of functions u(e),u(c):[0,1]] >R satisfies the
three conditions:

1) u(e),u(e) is a bounded, monotonic , (nondecreasing,
nonincreasing) left-continuous function for all « < (0,1] and
right-continuous for v =0.

2) For all & €(0,1] we have : u(a) <u(a).

3) For every U=(u,u),v=(v,v) and k>0,

(U+V)(a) =u(a) +V(a)

(U +V)(@) = u(a) + V()

(ku)(@) = ku(a), (ku)(@) = ku(a)

Fuzzy set is a mapping from a universal set into [0,1].
Conversely, every function z: X —[0,1] can be represented

as a fuzzy set ([5]). We can define a set
F, ={xeR:xisabouta,}with  triangular ~ membership
function as below:
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Definition 4 [5]
X—a
8-
Ix=a,
—X+a,

xela,a,)

He =

X € (a,,3]

2
So the fuzzy set F can be written as any ordinary function

F ={(x 4 () x € X}.

Il. Fuzzy TUMOR GROWTH
Consider the following differential tumor equation without
quiescent cells:
P(t) =bP(t) . @)
We fuzzy the equation by parametric representation of « -
cut as follows: let

b=[b-1-a)o,b+1-a)c],axc[0]]
and
b =0 )(b—(-a)o;) + pb+1—c)cy) , #€[01].
Then the fuzzy system of (2) is

P=bP(t),
P=hP(t).

®)

The fuzzy tumor system (3) has trivial steady states with the
characteristic equation (b, —A)> =0 and, hence the root of

characteristic equation is b, . Then if b is positive the steady

state is unstable and the tumor will be malignant. Otherwise
the steady state is stable and the tumor will be benign.

A. Fuzzy Delay Tumor Growth System with Quiescent
Cells

Now consider System (1) with assuming that there are
uncertainty parameters. Here again, we fuzzify the system and

let P(t),Q(t),r, (1), r,(t) be non-negative fuzzy functions
and
b=[b-(-a)o,,b+(-a)o],

Hag =[luQ _(1_0‘)021#(3 +(1—a)02],

where
b =1-)(b-{1-a)o,) +ub+(1-a)a),
b, =(1- )1y —(L—@)0,) + u(uy + 11— a)o,).

By using parametric representation of « -cut (see [8]) we
write the system in matrix form as follows:
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P, (t S
- ® 00 0o o07PF.
Pe®| 000 0 0P|
Qa(t) 00 0 -b|Q
- 00 -b 0]g
1Q, (1) ] S
_bl 00 0 Em —Fp5+[QQ
0 0 0f P« —r.P+rqQ
by | TreP Q) @)
000 0|Q,| | r.P-reQ
10 0 0 0Jq, | rep-roQ |

Where P, =P, (t— 7),Put =P (t—7) similarly for Q.
So, the system (4) is known as fuzzy delay tumor growth
system.

The system (4) has trivial steady state. And the
characteristic equation is :

A +CA +E+e (AL +DA) +e ¥ (BA* +F)=0.

(%)
Where

A=-2h,

B=b?,

C=-b —1,(0)re(0)—b, ro(0)—b, ry(0) — 1, (O)re (0)
—re(0)ro(0) 1, (0)r4 (0),

D =2bZb, + 2b,0,10(0) + 2b,b,1, (0) + 2b, 1, (0)ro(0)
+b, e (0)ro(0) +b, 1, (0)rg (0),

E=b3r,.(0)re(0),

F=-b?b? —b,b?ro(0) —b, b1, (0) — b} ry (0)re (0).
(6)

In absence of delay the steady state is stable if the roots of

A*+(B+C)A* + DA+ (E+F)=0 have negative real
part. By Routh-Hurwitz conditions this occurs if
A>0,D>0,(E+F)>0AB+C)D>D’+A*(E+F).
Now for increasing , 70, we assume that the root of the
characteristic equation (5) is A=izand u>0.
Substitute A =iz in (5) we obtain,
1 —Cu? + E(cos(ur) —isin(ur))(—iAu’ +iDu) +
(cos(2ur) —isin(2ur))(-Bu® +F) =0.

Separating the real and imaginary parts, we get

w—Cu? + E=—(—A’ + Du)sin(ur) -

(-Bu? + F)cos(2ur), ©)

(=Az® + Du)cos(ur) — (—Bu® + F)cos(2ur) =0
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Squaring and adding both sides of (7) gives the polynomial 3(—2CE - D? + 2BE
of degree eight as follows: A =3(-2C-A*) - 1 ( 3 )
(' —Cp? +E) — (AL’ + Du)’ = (-Bu> +F)* + @ 5 (2B +C* +2AD - B?) ~15(%C- A%)

2(—Aw® + Du)(—Bu? + F)sin(—uz) =0.
(—Au’ + Dp)(—Bu? + F)sin(—ur) %(_ZC_AZ)(2E+C2+2AD—BZ)

n
If 7=-2 then sin2 ur) =0 and let y =4 the equation 1 3 ’
H “(2E+C?*+2AD-B?)— " (2C - A?)?
(8) can be written in terms of y as follows: 2 16
7' +(=2C - A)y® + (2E+C?* +2AD - B?)y* +
2 2 2 ©) 4(E2 - FZ)
(-2CE-D* +2BF)y +(E* - F“) =0.
We look for the case when the lead coefficient of (9) is E(ZE +C*+2AD - BZ)_£(2C — A?)?
positive so, there are two cases for a positive real root can 2 16

A, =2(2E +C? + 2AD - B?) -

obtain. The first and simplest is (E* — F?) < 0. Now assume i(—ZC — A%)(—2EC - D? + 2BF)

(E2 —F?) >0. Since the polynomial is even, there are four 16 ,
roots we are focusing for these roots to be real (four of them E(ZE +C?+2AD - B?) —E(ZC — A?)?
positive or two positive and two negative or four of them 2 16

negative). If four of the roots are negative we suppose to take

3 2
the strum chain of polynomial (9) denoted P,,R,P,,R,,P, . Al(Z (-2CE—D" +2BF)

A?.: —
et -~ . ) o LoE+c?+2a0-87)- 3 (20 - W)
PB=y"-(A"+2C)y" +(2E+C°+2AD—-B)y" + 2 16
(-2CE-D’ +2BF)y +(E* -F*) =0 ;(—ZC—AZ)(2E+C2+2AD—BZ))
and ,
P, =4y° —3(A’ +2C)y* + 2(2E +C?* +2AD - B?)y + ;(2E+C2+2AD—BZ)—136(2C—A2)2

(-2CE-D?*+2BF)=0
The bifurcation occurs in the case ( E? —F?) >0 if and only
if the lead coefficient P,,P, and P, are positive. >
Hence by division algorithm the lead coefficient of A =(

1(2E +C?+2AD - BZ)—l‘z(zc — A?)?

)

P,,P,, P, is positive which are A A

y ((-2CE - D? +2BF) -

1 3 1
(5(2E+C7+2AD—B") ~ (-2~ A')* >0 A((E -F) - (20~ A) )
~AmA)>0, %(25 +C2+2AD—BZ)—1?;(2C—A2)2

(B~ F?)~-(-2C — A')(-2CE - D* + 28F) - A(-2CE - D* + 28D))

(
%(2E+C2 +2AD—BZ)—%(ZC—A2)2

),

A —2CE - D? +2BF) -
Az_As(( + )

3 ) ]
A((E?-F?) —116(—2c — A?)(-2CE - D? + 2BD)) A =g (F2CE-D7+2BF)

1 2 2 2
%(CE+C2 +2AD—BZ)—1‘?;3(2C—A2)2 £(-2C - A)(2E +C + 24D B) - A,

Proposition 1
Where A steady state with characteristic equation (5) is stable in the

absence of delay, and become unstable with increasing delay
if and only if
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1) A>0,D>0,(E+F)>0and
AB+C)>D?+A(E+F)

2) —(%(ZE +C2 +2AD - BZ) —%(_ZC _ AZ)Z) > 0’

—(A, - A)>0,
~((E>-F?) —%(-20 — A?)(-2CE - D? + 2BF) -

A —2CE - D? + 2BF) -
Az_As(( +2BF)

A ((E2 = F?)— > (-2C - A°)(—2CE — D? + 2BD))
16 >0

Lce+c?+2aD-BY)- 2 2c - py
2 16

Where A B,C,D,E,F,A,A A, A, Aare given in (6),
(11).

IV. EXAMPLES
Example 1
Consider the fuzzy delay tumor system (4) with the following

,uzl,bzl,,uQ =1r, =2, =10 =1.2
conditions
0,=010,=02,0,=05

And the initial conditions is
(P(0),P(0) = (4-(1- )0, 4+ (1-a)c,),

(Q(0).Q(0) = (3~ (1~ @)a5,3+ (1~ a)a).

As can be seen in Fig. 1, the behavior of the trivial steady
state is unstable since the solution does not converge to the
trivial steady state. It means the conditions of Proposition 1
are satisfied.

solution @

solution p

Figure 1: 7=20
Example 2
We fixed all parameters as in Example 1 except for b, bis
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now equal to two. The solution does not converge to the trivial
steady state (as in Figure 2). If b=4, the trivial steady state is
also unstable (as in Figure 3).

Also, another increase of b =5 we see the trivial steady state is
unstable (as in Figure 4).

solution @

Figure 2: 7 =20

solution @

Figure 3: =20

solution @ 2 2

solution p

Figure 4: 7 =20
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From above examples, physiologically it means that the fuzzy
delay tumor system has stable trivial steady state when 7=0
and hence the growth of tumor is stopped by medical cure.
After extension of influence of medical cure (increasing the
parameter ) the stability of steady state is lost and the tumor
starts to oscillate. The oscillations means either the tumor
disappears or the patient is overcome.

If the delay is greater than zero, the tumor may experience a
temporary appear and the trivial steady state is unstable. The
tumor proliferates and it turns into necrotic mass. An increase
in cell proliferation leads to an increase the concentration of
many growth factors. However, it takes time for cell to up-
regulate rate of growth. It means for large value of delay the
fuzzy system showed irregular pattern for each cell
population. And with increasing time delay in proliferation we
observed periodic behavior of the number of cancerous cells.
This behavior may explain periodic tumors growth and it’s
uncorrelated with the chemotherapy.

V. CONCLUSIONS

In this paper, we proposed a system of fuzzy delay tumor
growth system by using symmetric triangular fuzzy number.
The crisp tumor growth system of ( 2x2) system is extended
to a fuzzy tumor growth of (4x4) system by using
parametric form of « -cut. The fuzzy tumor growth with and
without quiescence cells has trivial steady states. The fuzzy
system proposed leads to the difficulty of locating the roots of
the characteristic equation since the system becomes larger
compare with the crisp system. Generally, the situation is
more complex to arrive at general conditions on the coefficient
of characteristic equation in order to describe a stability of
trivial steady state. The trivial steady state for the system with
quiescent cells is stable in absence of delay and increasing
delay it is unstable. The applicability of the results is
demonstrated by examples.
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