
I. INTRODUCTION AND BACKGROUND 
VER the past few years the theory of convergence of a 
sequence of fuzzy numbers has been studied by many 
authors [1-3,8,11,19]. The first steps towards constructing 

such convergence theories go back to Matloka's [13] and 
Kaleva's [12] works. To this end, they used the supremum 
metric that gives a real (crisp) value for the distance between 
two fuzzy numbers. On the other hand, via positive fuzzy 
numbers, it is also possible to define a fuzzy (non-crisp) 
distance between two fuzzy numbers (as is exemplified by 
Guangquan [9]), because it is more natural that the distance 
between two fuzzy numbers is a fuzzy number rather than this 
distance is a real number. 

In this paper, we introduce the concept of statistical 
convergence of a sequence of fuzzy numbers in a fuzzy metric 
space which defined by Guangquan [9,10]. Then we compare 
this definition with the definition of statistical convergence 
with respect to the supremum metric. We note that this 
convergence should not be perceived as a generalization of 
ordinary statistical convergence (see Example 1). Moreover 
we define the concepts statistical cluster and statistical limit 
points of a sequence of fuzzy numbers in this fuzzy valued 
metric space. Finally we obtain some inclusion relations 
between the sets of limit points, statistical limit points and 
statistical cluster points for a sequence of fuzzy numbers. 

Now we recall some definitions and notations that will be used 
frequently (see [4-7,10,12,13-18] for more details). 

Given an interval ,A  we denote its endpoints by A  and .A  
We denote by D  the set of all closed intervals on the real line 
R . That is,  

{ }.],[:: AAAAD =⊂= R  

For DBA ∈,  define  

).,(max:),(

,   and        iff    

BABABAd

BABABA

−−=

≤≤≤
 

It is easy to see that d  defines a metric (Hausdorff metric) on 
D  and ),( dD  is a complete metric space. Also “ ≤ ” is a 
partial order on .D   

A fuzzy number is a function X  from R  to [0,1], 
satisfying 

• X  is normal, i.e., there exists R∈0x  such that ;1)( 0 =xX   
• X  is fuzzy convex, i.e., for any R∈yx,  and 

)};(),(min{))1((],1,0[ yXxXyxX ≥−+∈ λλλ   
• X  is upper semi-continuous; 
• the closure of the set },0)(:{ >∈ xXx R  denoted by ,0X  

is compact. 
These properties imply that for each ],1,0(∈α  the 

−α level set 



=≥∈=

ααα α XXxXxX ,})(:{: R  is a 

nonempty compact convex subset of R , as the support 

:0X α
α XX +→= 0

0 lim  is  We denote the set of all fuzzy 

numbers by ( )RF . Note that the function 1a  defined by  

( ) ,
,0
,1

:1


 =

=
otherwise

if ax
xa  

where R∈a , is a fuzzy number. By the decomposition 
theorem of fuzzy sets, we have 

[ ] 





∈
= αααχ

α XX
X

,1,0
sup  
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for every ( ),RF∈X  where each 




 ααχ

XX ,
 denotes the 

characteristic function of the subinterval ., 



 αα XX   

Now we recall the partial order relation on the set of fuzzy 
numbers. For ( )RF∈YX , , we write ,YX ≤  if for every 

]1,0[∈α , the inequality  

αα YX ≤  

holds. We write ,YX <  if ,YX ≤ and there exists an 
]1,0[0 ∈α  such that  

.or  0000
αααα YXYX <<  

If YX ≤  and ,XY ≤  then .YX =  Two fuzzy numbers X  
and Y  are said to be incomparable and denoted by ,YX ∼/  if 
neither YX ≤  nor XY ≤  holds. When YX ≥  or YX ∼/ , 
then we can write .YX /   

Now let us briefly review the operations of summation and 
subtraction on the set of fuzzy numbers. For ( ),,, RF∈ZYX  
the fuzzy number Z   is called the sum of X  and ,Y  and we 

write Z ,YX +=  if ααααα YXZZZ +=



= :,  for every 

].1,0[∈α  Similarly, we write ,YXZ −=  if 

ααααα YXZZZ −=



= :,  for every ].1,0[∈α   

We define the set of positive fuzzy numbers by 

( ) ( ) .0 and 0::
1

1 



 >≥∈=+ XXX RR FF  

The map ( ) ( ) }0{: ∪→× +RdM RR FF  defined as 

( ) ( )αα

α
YXdYXdM ,sup:,

]1,0[∈
=  

is called the supremum metric on ( )RF . 

A sequence }{ nXX =  of fuzzy numbers is said to be 
convergent to the fuzzy number 0X , written as ,lim 0XX n =  
if for every 0>ε  there exists a positive integer ( )ε00 nn =  
such that  

.every for      ),( 00 nnXXd nM >< ε  

A fuzzy number λ  is called a limit point of the sequence 
}{ nXX =  of fuzzy numbers provided that there is a 

subsequence of X  that converges to λ . We will denote the 
set of all limit points of }{ nXX =  by .XL   

Guangquan [9] introduced the concept of fuzzy distance 
between two fuzzy numbers as in Definition 1, and thus 
presented a concrete fuzzy metric in (1.1), which is very 
similar to an ordinary metric. 

Definition 1. A map ( ) ( ) ( )RRR FFF →×:ρ  is called a 
fuzzy metric on ( )RF  provided that the conditions 

( )i  ( ) ,0, 1≥YXρ  

( )ii  ( ) 10, =YXρ  if and only if YX =  , 

( )iii  ( ) ( ),,, XYYX ρρ =  

( )iv ( ) ( ) ( )YZZXYX ,,, ρρρ +≤  are satisfied for all 
( ).,, RF∈ZYX   

If ρ  is a fuzzy metric on the set of fuzzy numbers, then we 
call the triple ( )( )ρ,, RR F  a fuzzy metric space. Guangquan 
[9] presented an example of a fuzzy metric space via the 
function Gd  defined by 

( )
[ ]

[ ]
( )

.sup:,
,sup,1,0

1,

11












−∈

∈

=
tt

t
YXdYX

G YXd
α

αχ
α

            (1.1) 

Here the map Gd  satisfies the conditions (i)-(iv) in Definition 
1. 

Remark 1. Let 

( ) ( ) ( ){ } ( )( )RRR FPFFB ⊂∈∈= +PXPXKF ,:,:  

where ( )( )RFP  is the power set of ( )RF  and 

( ) ( ) ( ) ( ){ }. ,,::, RR +∈<∈= FF PPZXdZPXK G  Then the 
set FB  forms a basis of a natural topology on ( )RF , denoted 
by .Fτ  Thus the pair ( )( )Fτ,RF  is a topological space. 

Now we investigate the properties of the convergence of a 
sequence in this topological space. Since this convergence is 
in the topology Fτ , we will denote it by −Fτ convergence. 

Definition 2 ( −Fτ convergence). Let ( )RF⊂= }{ nXX  
and ( )RF∈0X . Then }{ nX  is −Fτ convergent to 0X  and we 
denote this by 

( ), }{or  lim 00 ∞→→=− nXXXX
F

nnF

τ
τ  

provided that for any ( )R+∈FP  there exists an 
( ) N∈= Pnn 00  such that 

( ) . as, 00 nnPXXd nG ><  

Definition 3 ( −Fτ limit point). A fuzzy number λ  is a 
−Fτ limit point of the sequence }{ nXX =  of fuzzy numbers 

provided that there is a subsequence of X  that 
−Fτ converges to λ . We denote the set of all −Fτ limit 

points of }{ nXX =  by F
XLτ . 

Let K  be a subset of the set N  of positive integers  and 
let us denote the set { }nkKk ≤∈ :  by .nK  Then the natural 
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density of K  is defined by ,lim:)( n
K

n
nK

∞→
=δ  where nK  

denotes the number of elements in nK . Clearly, a finite subset 

has natural density zero and we have )(1)( KK c δδ −=  

whenever )(Kδ  exists, where KK c \: N=  is the 
complement of N⊂K . If ,21 KK ⊆  then )()( 21 KK δδ ≤ . In 

addition, 0)( ≠Kδ  means that .0suplim:)( >=
∞→

n
K

n

nKδ   

A sequence }{ nXX =  of fuzzy numbers is said to be 
statistically convergent to the fuzzy number ,0X  written as 

0lim XXst n =− , if the set  

}),(:{ 0 ε≥∈ XXdn nMN  

has natural density zero for every .0>ε   

Definition 4 (Nonthin subsequence). If }{ )( jnX  is a 

subsequence of }{ nXX =  and }:)({: NN ∈∈= jjnK  then 
we abbreviate }{ )( jnX  by KX}{  which in case 0})({ =Kδ  is 
called a subsequence of density zero or thin subsequence. On 
the other hand, KX}{  is a nonthin subsequence of X  if K  
does not have density zero. 

Definition 5 (Statistical limit point). The fuzzy number ν  is 
called statistical limit point of the sequence }{ nXX =  of fuzzy 
numbers provided that there is a nonthin subsequence of X  
that converges to .ν  Let XΛ  denote the set of statistical limit 
points of the sequence .X   

Definition 6 (Statistical cluster point). The fuzzy number µ  
is called statistical cluster point of the sequence }{ nXX =  of 
fuzzy numbers provided that 

0})),(:({ ><∈ εµδ nM Xdn N  

for every 0>ε . Let XΓ  denote the set of statistical cluster 
point of the sequence .X  

II. −Fτ STATISTICAL CONVERGENCE 

Definition 7 ( −Fτ statistical convergence). Let }{ nXX =  
be a sequence of fuzzy numbers and 0X  be a fuzzy number. 
The sequence X  is said to be −Fτ statistically convergent to 

0X , we denote this by  

,lim-st- 0XX nF =τ  

provided that for any ( )R+∈FP , the set  

( ){ }PXXdn nG /∈ 0,:N  

has natural density zero. 

It is clear that if a sequence is −Fτ convergent then it is 
−Fτ statistically convergent to the same fuzzy number. But 

the converse of this claim does not hold in general. 

Example 1. It is obvious that the sequence }{ nXX =  
defined by  
















+∈−

∈
=









++−
−∈−−

∞+∪−−∞∈

=

+ otherwise ,
otherwise ,0

]1,0[ if ,1

)(
  if ,

otherwise ,)1(
],1[ if ,)1(

),1()1,( if ,0

:)(
1

1

2

nn
nx

n

x

k
kn

nx
nnxnx

nnx

xX N

 

is −Fτ statistically convergent to the fuzzy number 

.
otherwise ,0

]1,0[ if ,1
:)(0



 ∈−

=
xx

xX  

On the other hand, since the set ( ){ }PXXdn nG /∈ 0,:N  has 

infinitely many elements for every ( )R+∈FP , we say that this 
sequence is not −Fτ convergent. 

Theorem 1. If a sequence }{ nXX =  of fuzzy numbers 
−Fτ statistically convergent to the fuzzy number 0X , then 

this sequence statistically converges to the same fuzzy number 
0X  with respect to supremum metric Md . 

Proof. Assume Fτ -st- 0lim XX n = . Then the set 
( ){ }10,: ε/∈ XXdn nGN  has natural density zero for every 

( )R+∈F1ε . Fix 0>ε . Then we have  

[ ]
( )

0: 1
,sup, 0

1,

1
0

1
=
































/∈












−

∈

εχδ
α


tt

n
t

n XXdXX
n N  

for every ]1,0[∈α . It is clear that the inclusion  

[ ]
( )

[ ]
( )









≥∈⊇
















/∈

∈












−

∈

ε

εχ

α

α

tt
n

t

XXdXX

XXdn

n
tt

n
t

n

0
1,

1
,sup,

,sup:

:
0

1,

1
0

1

N

N 
 

holds for every ]1,0[∈α , i.e., we have  

[ ]
( )

( ){ }.,:

:

0

1
,sup, 0

1,

1
0

1

ε

εχ
α

≥∈⊇
















/∈












−

∈

XXdn

n

nM

XXdXX tt
n

t
n

N

N 
               (2.1) 

The inclusion (2.1) say that  

( ){ }( ) 0,: 0 =≥∈ εδ XXdn nMN  
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because left hand side of the inclusion (2.1) has natural density 
zero. 

The converse of this theorem does not valid in general as 
can be seen by the following example. 

Example 2. Define the sequence }{ nXX =  by  

( ) ( )
( )
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≠
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+
+−
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otherwise ,0
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1

1
1)9(

2
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n

x

k
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and define the fuzzy number 0X  by  

( )
( )

.
otherwise ,0

)4,3[ if ,4
3,2 if ,2

:0







∈−
∈−

= xx
xx

xX  

Then st- 0lim XX n = . But Fτ -st- nXlim  does not exist. Now 
we show this claim. Define 

( ) .
otherwise,2

]1,0(,
),2[]0,(,0

:








−
∈

∞∪−∞∈
=

x
xx
x

xP  

Then we have  

( )
[ ]

[ ]
( )

[ ] [ ]nn

tt
n

t
n XXdXX

nG XXd

11

0
1,

1
0

1

,
1,0

,sup,1,0
0

sup

sup,

αχ

αχ

α

α
α

∈












−∈

=

=

∈  

if 2kn ≠  ( N∈k ). Otherwise we have 
( )

[ ] [ ]n
XXd nG 1,0

1,0
0 sup, αχ

α∈
= . Hence we get ( )0, XXdP nG∼/  if 

2kn ≠ , otherwise ( ) PXXd nG <0, . Consequently we have 

Fτ -st- .lim 0XX n ≠   

III. Fτ -STATISTICAL LIMIT POINTS 

Definition 8 ( Fτ -statistical limit point). Let }{ nXX =  be a 
sequence of fuzzy numbers and ν  be a fuzzy number. The 
number ν  is called Fτ -statistical limit point of the sequence  
X  if there is a nonthin subsequence of X  that Fτ -converges 

to ν . We denote the set of all Fτ -statistical limit points of the 

sequence X  by .F
X

τΛ   

Definition 9 ( Fτ -statistical cluster point). Let }{ nXX =  be 
a sequence of fuzzy numbers and µ  be a fuzzy number. The 
number µ  is called Fτ -statistical cluster point of the 
sequence X  if the set  

( ){ }PXdn nG <∈ µ,:N  

has no natural density zero for every ( )R+∈FP . Let F
X
τΓ  

denote the set of all Fτ -statistical cluster points of the 
sequence X . 

Now we give an illustrative example. 

Example 3. Define the sequence }{ nXX =  by  

( ) ( )
( )

( )

.

)(  and
number  oddan  is  if ,

otherwise ,0
]6,5[ if ,5

)(  and
number  oddan  is  if ,

otherwise ,0
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3,2 if ,2

)(  and
number even an  is  if ,
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]9,8[ if ,

)(  and
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n
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,
otherwise ,0

]1,0[ if ,1
:)(0



 ∈−

=
xx
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( )
,

otherwise ,0
)4,3[ if ,4

3,2 if ,2
:)(0








∈−
∈−

= xx
xx

xν  



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=
otherwise ,0

]6,5[ if ,5
:)(0

xx
xγ  

and  

.
otherwise ,0

]9,8[ if ,9
:)(0



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=
xx

xξ  

Hence we obtain 
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X
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Since Fτ -convergence implies the convergence with respect 

to supremum metric Md , it is clear that XX LL F ⊂τ  and 

.XX
F Λ⊂Λτ  Now we prove the relations between the sets of 

statistical cluster points: 

Theorem 2. We have XX
F Γ⊂Γτ  for a sequence }{ nXX =  

of fuzzy numbers. 

Proof. Take F
X
τµ Γ∈ . By definition, we get 

( ){ }( ) 0,: ≠<∈ PXdn nG µδ N  

for every ( )R+∈FP . Fix .0>ε  Then we can write  
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( ){ }( ) ,0,: 1 ≠<∈ εµδ nG Xdn N  

since ( ).1 R+∈Fε  From definition of the metric ,Gd  we have 

[ ]
( ) 0,sup: 1

1,
≠



















=<∈
∈

εεµδ
α

ttt
n

t
Xdn N  

for every [ ],1,0∈α  i.e., we get  

( ){ }( ) 0,: ≠<∈ εµδ nM Xdn N  

by the definition of supremum metric .Md  Since the number 
ε  is arbitrary, the proof of theorem is completed. 

Theorem 3. We have FF
XX Lττ ⊂Γ  for a sequence }{ nXX =  

of fuzzy numbers. 

Proof. Take F
X
τµ Γ∈  . Fix  ( ).R+∈FP  Then we have 

( ){ }( ) .0,:)( )( ≠<∈ PXdjn jnG µδ N  Define { }KX  by a 
nonthin subsequence of X  such that  

( ){ }PXdnPKK nG <∈== µ,::)( N  

and ( ) 0≠Kδ . Then there exists a subset KL ⊂  such that 

Fτ - µ=
∞→∈

nnLn
X

 ,
lim , where the set L  has infinitely many 

elements. Therefore we get .F
XLτµ ∈   

The converse of this theorem does not hold in general as 
can be seen in Example 3. 

Theorem 4. We have FF
XX
ττ Γ⊂Λ  for a sequence }{ nXX =  

of fuzzy numbers. 

Proof. Assume .F
X

τν Λ∈  Then there exists a set 

{ }NN ∈∈= jjnK :)(:  such that ( ) 0>= lKδ  and  

Fτ - .lim )( µ=
∞→

jnj
X  Fix ( ).R+∈FP  Hence the inclusion  

( ){ } ( ){ }
( ){ } ( ){ }{ }PXdjnPXdjnK

PXdjnPXdn

jnGjnG

jnGnG

∼/∈∪≥∈=

<∈⊇<∈

µµ

µµ

,:)(,:)(\

,:)(,:

)()(

)(

NN

NN

holds. Here the sets ( ){ }PXdjn jnG ≥∈ µ,:)( )(N  and 

( ){ }PXdjn jnG ∼/∈ µ,:)( )(N  has finite many elements. 
Hence we have  

( ){ }( ) ( )
( ){ } ( ){ }( )

.

,:)(,:)(

,:

)()(

l

PXdjnPXdjn

KPXdn

jnGjnG

nG

=

∼/∈∪≥∈−

≥<∈

µµδ

δµδ

NN

N

Therefore we get ( ){ }( ) 0,: ≠<∈ PXdn nG µδ N . 
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